MATH 542 NUMBER THEORY
Problems to Think About #6
CH. 6, #1-3

Russell Jahn
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bta=n>1.
3 = lao, a1, ..., an] = &= where (py, qn) = 1.
Let d = (a,b).
a=d(%),b=d(®).
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We prove by induction on n.
Base case: n =1
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Inductive hypothesis: Assume n Gns } [ 0 } [ ) ] [ 0 ] for some n
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.. By induction, true for alln > 1.

(b)

We prove for integers a;,b; > 0 for i > 1, that [ag, a1, ..., an; b1, b2, ..., by =
where pg = ag,p1 = agar +b1,90 = 1,q1 = a; and

Pn = GnPn—1 +buPn_2, Gn = GnGn_1 +bpgn_2 forn >2.
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We induct on n, the number of elements b;. Important note: n is not necessarily the subscript of the last
a; or b; nor are ag, by necessarily the first a;, b;.

Base cases: n=0,1

n=0, [ag;—]=ao="2.

_ . — by b1 _ agartby _ p1
n=1, [ao’al’bl]_a0+[@1;—] =Gt = T T a1’

Inductive hypothesis: Assume, for any set of a;,b; € Z such that a;,b; > 0 for i > 1,
that [(10, A1y eeey Any bl, bg, ceey bn] = %
where py = ag,p1 = apa; +b1,q0 = 1,91 = a; and

Pn = QpPn—1+ bnpn72a Qn = QpQn—1 + bnqn72 for n >2

is true for some n > 1, regardless of the subscripts used.
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Consider [ag, ...an+1;b1, ..oy bpy1] = ag + o
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where % = [a1,..sy@nt1; b2, ..., bpt1] by inductive hypothesis.
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. By induction, the statement is proved. Vv
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For k > 1, we have
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For k£ > 2, we have

Tk = arQr—1 + brqr—2 = - = aj, + b L=
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(e)
First, we want to show qx = x129 - - - xx Vk > 1.
We induct on k.
Base cases: k=1,2
Q=01 =121, q2=aq +bago = (x2 — x1)x1 + 271 = 2120
Inductive hypothesis: Assume ¢, = x121 - - - T, Ym < some k > 2.
Qh+1 = Ok 1@k + Opp1Gr—1 = (Tpg1 — Tp)T1 - - T + -T%xl c e Tp—1 =T1 - Tgt1-
.. By strong induction, ¢ = x1x2 - - - ¢ Vk > 1.
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Since {é} is a positive, decreasing sequence that approaches 0, > e is a convergent series by
k=1 k=1
the alternating series test.
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We have the well known identity: ln(2):k¥1 —
In part (e), letting o, =k = ap, =1, by = (k — 1)% for k > 2 and ag = 0,a; = 1,b; = 1
= In(2)= —4H—. v
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