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(1)
p prime, p = 1(mod 4) = p =1+ 4k some k € Z
¢ primitive (mod p) = (g,p) = 1 and g7 = —1(mod p) (as in PTTA3 no.1)
Let d = 0o(—g) (mod p)
(9.p) =1=(-g,p)=1= (-9’  =1(modp) ..d|p-1
(~9)"7 = (=17 ¢"7 = (1)(~1) = ~1(mod p)
sdf et
So, p—1=dl for some [ € Z
= ol = 4l = 24 (since this = d | 231)
= 2|d=diseven
=1=(-g)?=(-1)%" = g¢ (mod p)
=d=p—1 (g primitive)
= —g primitive (mod p) v

(2)

Let p, 2p+ 1 prime p=3 (mod4)= -1 (mod 4) Letp= —1+ 4k for some k € Z

Clearly, (=2,2p+1) =1 .. By Euler, (—=2)¢P+1) = (—2)2? =1 (mod 2p + 1)
Let d = 0o(—2) (mod 2p+ 1)
sd|2p=de{l,2,p,2p}

Suppose d=1= —-2=1 (mod 2p+1)=3=0 (mod 2p+1)=2p+1|3

(=<)since 2p+1>7

sd#1

Suppose d=2= (-2)2=1(mod 2p+1)=4=1 (mod 2p+1) = 3 =0 (mod 2p + 1)

Same as above .. d # 2



Suppose d=p= (—2)? =1 (mod 2p+ 1) = (—-1)P22P =1= 2P = —1 = 274 = 1 (mod 2p + 1)
= 2% = 2= (22%)2 = -2 (mod 2p + 1)

. —2 is a quadratic residue (mod 2p + 1)

_ _ 1 _ 1 2 _
L= (2p+21> = (2pi1> (2p2+1) = (—1)z@PHI=D(—q)s(pHapii=)

(_1)p(_1)%(p2+p) — (_1)71+4k+§(178k+16k271+4k) — (_1)71 = -1 (=<«)
Sd#Dp

s.d=2p=¢(2p+1) = —2is primitive (mod 2p+1) v
(3)

Note: p, 2¥p + 1 odd primes = k > 1

(<) Let d = o(a) (mod 2Fp + 1)

a? # 1(mod 2Fp +1) = d t 2k

(%ﬁ) =-1=(a,2"p+1)=1= a'PH)-1 = 1(mod 2Fp +1) = a?'p = 1(mod 2Fp + 1)
o.d|2Fp and dt 2% = d = 2'p for some | < k

Now, —1 = (m) = 3Pt (mod 26p + 1) = 2" 'P(mod 2¥p 4 1)
=di2tlp=sk-1<i<k=d=2"p=(2"p+1)-1
. a is primitive  (mod 2*p + 1)
(=) a is primitive (mod 2*p +1).  Let d = o(a)
=d=2p=> a2 # 1(mod 2Fp + 1)
a primitive = (a,2fp+1) =1

(ﬁﬁ) a%(@kp*l)*l)(mod 2Fp4+1) = an_lp(mod 2Fp 4+ 1) # 1(mod 2Fp + 1) (a primitive)
But, the congruence, z? = 1(mod 2*p + 1) has only two solutions.

a2 = —1(mod 2Fp +1) = (Q,C;ﬁ) =—-1 Vv

(mod 2Fp + 1)

(4)

Let p = 2™ — 1 prime (i.e. a Mersenne prime) .. n > 2

(-1 = (2) = 2507 (mod p)
= (=1)8@"=2"") = 25(-1) (1nod p)

o Ifn >3, then 22®~1 = 1(mod p) = 2 is not primitive (mod p)

In addition, n = 2 = p = 3 and 2 is primitive (mod 3)
Let p= 22" 11 prime (i.e. a Fermat prime) ..k >0

12— Lip—
(-1 =1 = (%) =22~ (mod p)



k41 k
22 422741y = 2%(p—1)<m0d p)

= (—1)%(

o Ifk>2, then 22~ = 1(mod p) = 2 is not primitive (mod p)

In addition, ¥ = 0 = p = 3 and 2 is primitive (mod 3) and
k=1=p=>5and 2 is primitive (mod 5)

In summary, 3 is the only Mersenne prime that has 2 as a primitive root and

3 and 5 are the only Fermat primes that have 2 as a primitive root. v



