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(1)
f, g multiplicative
M= X F(dg(2)
d|P( n)
P(n) = rlrg - 1, distinct primes that |n
P(1) =
Let (a, b)
Let a = p{'..pp*  p; distinct, a; > 0
b= qll...qf’ g; distinct, g; > 0
 PiFG vm -
Let a=pi..pp,b=q..q .. (ab) =1
First, we show d|ab <= d = dd" where d a,d"|b
(=)d|ab = d = p;, ...pi,, - Gjy-j.,
where i € {1,2, ..., k}
where j; € {1,2,...,1}
Let d//, = Diy--Pin,
= jy++-Pjn
=d=dd
and d'|a,d” |b
(<)d=d d" where d|a,d" |b
=a=dk, b=d ky some ki ks €N
sab=dd (kiky) =>d=dd |ab v

If ab = 1, define ab =1
Now, h(ab) = > f(d)g(%) = X f(d)g(%)

d|P(ab) d|ab
/ 7

> fdd g )

o

d'd la
=3 z F)F(d)g(5)g(2) (since (a,b) =1 = (d',d") =1 and since (a,b) =1 = (

d'|ad"”|b
= %af(d')g(jﬁ)d%f(d”)g(ﬁ)
= h(a)h(b) .. h is multiplicative
LB = 5 R = (3 BRI AA) -



> f(d)g(3) =1, when k = 0.

) {Z f(@g(),  whenk > 0
_ {17 when k = 0.
9(F) + f(pi)g(®i™"), whenk >0

+ (9(pa) + Fpa))ti + (90F) + f(pi)g(pi))E + ...)

n

)
= (1+g(p)ts + g2+ ...) + Fp)t(1+ g(p)ti + g(2)t2 + ...)
:F'Lg( )—|—f(pz)t F’L g(tz)
= Fi o(t:) (1 + f(pi)t:)

= Fu(t) = H Fzg( )L+ f(pi)ts) = Fo(t) H(1+f(pz) i)

Moreover, by noting 1+ £(pi)t: = 1+ F(p)u(p)ts + F22 (22 + .
= Fi w2 (t ), we can write Fy,(t) = Fy(t)Fy,2(t)
( f 12 multiplicative since it is a product of multiplicative functions)

(2)

Want > f(d)o(%) =1

++

d|P(n)
Referring to ex. (1), we want h(n) =1
Sh=u
Want g =0

.. We get, from the result of ex. (1),
Fu(t) :Fh(t) :Fg( ) H( +f(pl) l) —Fo( ) H(1+f(pz) z)

i=1

—

~.

We know F,(t) =

— 1
We know FU(t) T (A-t1)(A—t2)---(1—p1t1)(1—pat2)--
= f(pi) =-pi Vi > 1 (and, of course, f(1) =1)

N S
(1—t1)(1—t2) -

= f(n) = u(n)I(n) is a possible candidate (f is multiplicative since it is the product of multiplicative
functions)

Let’s try it out on an example:

Let n = pips

= u(1)()o(pip2) + u(p1)(p1)o(pip2) + p(p2) (p2)o(p?) + p(pip2) (Prp2)o(p1) =
(14 p1 +p2 + D3 + pip2 + pip2) — p1(1+ p1 + p2 + pip2) — p2(1 + p1 + pi) + pip2(1 + 1)
=1 ve

(3)

f:ZT =R > f(n)=x(nodd)
Let n = ab where (a,b) =1
Since (a,b) = 1, at most one of a, b is even
(case 1) a odd, b odd = ab odd
fab) = x(abodd) =1=1-1= x(a odd)x(b odd) = f(a)f(b)



(case 2) a odd, b even = ab even

f(ab) = x(ab odd) =0=1-0= x(a odd)x(b odd) = f(a)f(b)

Similarly for a even, b odd

. f is multiplicative

First, let n odd = dodd Vd|n
= fld) =1
= h(n) = f(d)o(5) = > o(%) = > ¢(d) =n (done in class and in text)
d|n d|n

d|n

Now, let n even. Let n = 2'm where m odd and I > 0
We know h(n) = (f x¢)(n) = [t"]|Fy(t)Fy(t)

Fy(t) = (5 1D Fbh) -

(VDA +te+83+ ) A +t3+t3+...)

_ 1
T (I-t2)(1—t3)-

We have Fy(t) = (19;12;% (done in class)

S Fp()Fy(t) = i) — (1 — 1)) Fy(t)

(1—p1t1)(1—pat2)-

Sh(pTps? ) = 757 ](1 = t) Py (t) Fa 1 (t2) Fs 1(t3) - -

= 45710 = 1)( 5 PP 1(82) Py 1(ts) -

oo

= [t9e52 - (30 (phth — pht )y 1 () Fy £ (t3) - -

Now, let n = (2)(p32p5® - ) = 2'm with [ > 0, m odd
What k’s produce a term involving ! ?
Answer: k=land k=1—1 making 24} — 271 =2l=1(2 — 1)} =21
2 = 0]((1 - )y p(t)
soh(n) = [G]((1 = t) Fy r(t)[t5745° - <[ Fa r(t2) F 1(ts) - -

=271 (m)=2"tm=1in v



