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(1)

Same idea as in HW set, but use 3 instead of 2.
Let M = 1 + 1

3 + 1
5 + ...+ 1

2n+1 n ≥ 1
Let m = lcm(1, 3, 5, ..., 2n+ 1) ∴ 3|m
mM = m

1 + m
3 + ...+ m

2n+1

contra Pf: Suppose M ∈ Z ⇒ 3|mM
Let Pk be largest prime ≤ 2n+1
Let s = 3a be largest power of 3 in {1,3,...,2n+1}
Let t ∈ {1,3,...,2n+1}, t = 3α2 pα3

3 ... pαk

k be UPF of t, where p2 = 3
If t < s, then it’s clear that α2 < a
t > s ⇒ some αi > 0 3 ≤ i ≤ k by maximality of 3a

⇒ 2n+1 ≥ t > 3α2 3αi = 3α2+αi > 3α2 (Since pi > 3)
⇒ α2 < a by maximality of 3a

∴ If t 6= s, the exponent of 3 in the UPF of t is < a

Now, let i = ti = 3αi2 pαi3
3 ... pαik

k i ∈ {1,3,...,2n+1} be the UPF of ti
Let δj = maxi{αij} ⇒ m = 3a pδ33 ... pδkk
∴ m

s = pδ33 ... pδkk ⇒ 3 - ms
For ti 6= s, m

ti
= 3a−αi2 pδ3−αi3

3 ... pδk−αik

k ⇒ 3|mti since a > αi2
⇒ 3 - m1 + m

3 + ...+ m
2n+1 = mM (⇒⇐)

∴ M /∈ Z X

(2)

Let qn be nth largest prime that is ≡ 3(mod 4)
Let all such primes be denoted qi, i ≥ 1
Let q1,q2,...,qn be first n of such primes
So, qi = 3 + 4ni some ni ∈ Z
Let X = 1 + 2

n∏
i=1

qi

= 1 + 2
n∏
i=1

(3 + 4ni) = 1 + 2(3n + 4N) some N ∈ Z

3n is odd ⇒ 3n = 1 + 2M some M ∈ Z
⇒ X = 1 + 2 (1 + 2M + 4N) = 3 + 4(M + 2N) ⇒ X ≡ 3(mod 4)
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Clear that 2 - X and qi - X 1 ≤ i ≤ n
Suppose all prime factors of X are of the form 1 + 4 mi (which we will denote as pi) some mi ∈ Z
⇒ X =

∏
pi ≡ 1(mod 4) (⇒⇐)

∴ At least one ql with l ≥ n+ 1 must divide X. ∴ ql ≤ X
∴ qn+1 ≤ ql ≤ X = 1 + 2

n∏
i=1

qi

Claim: qn ≤ 22
n ∀ n ≥ 1 (Claim determined by trial and error. i.e. so that an induction proof will work.)

Base case: n = 1 q1 = 3 ≤ 22
1

Inductive hypothesis: Assume qm ≤ 22
m ∀m ≤ some n ≥ 1

Consider qn+1 ≤ 1 + 2
n∏
i=1

qi ≤ 1 + 2 · 221 · 222 · · · 22n by inductive hypothesis

= 1 + 2
1−2n+1

1−2 = 1 + 22
n+1−1 ≤ 22

n+1−1 + 22
n+1−1 = 22

n+1

∴ By strong induction, qn ≤ 22
n ∀n ≥ 1 X

(3)

By exercise (2) qn ≤ 22
n

(case 1) x ≥ 22 So, there are ≥ n q’s that are ≤ 22
n

⇒ there are ≥ [log2log2x] q’s that are ≤ 22
[log2log2x]

⇒ there are ≥ log2log2x− 1 q’s that are ≤ 22
log2log2x

= 2log2x = x

∴ π
′
(x) ≥ log2log2x− 1 for x ≥ 22

(case 2) 2 ≤ x < 22

q1 = 3, q2 = 7

∴ π
′
(x) =

{
0, if 2 ≤ x < 3.

1, if 3 ≤ x < 22.
(1)

0 = log2log222 −1 > log2log2x− 1

∴ π
′
(x) ≥ log2log2x− 1 for 2 ≤ x < 22

∴ π
′
(x) ≥ log2log2x− 1 ∀x ≥ 2 X
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