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(1)

Same idea as in HW set, but use 3 instead of 2.
Let M=1+3+%+..+55 n>1
Let m =1lem(1,3,5,....2n4+1) .. 3|m
mM = T+ 2+ ..+ 50y

contra Pf:  Suppose M € Z = 3|mM

Let Py be largest prime < 2n+1

Let s = 3% be largest power of 3 in {1,3,...,.2n+1}

Let t € {1,3,....2n+1}, t = 3?2 p§® ... pi* be UPF of t, where py = 3
If t < s, then it’s clear that as < a
t >s=some q; >0 3<1i<k by maximality of 3¢

= 2n+1 >t > 392 3% = 3%27% > 392 (Since p; > 3)

= a2 < a by maximality of 3¢

o If ¢ # s, the exponent of 3 in the UPF of t is < a

Now, let i = t; = 3% pg™® ... pp** i€ {1,3,....2n+1} be the UPF of t;
Let 6; zémaxi{éaij} = m = 3%p§ .. pit

L= P = 3T

For t; # s, tm = 3o~z pgro‘if‘ pi’ra““ = 3|tm since a > ayo
=3 T+ F .t oy =mM (5<)

2n+1
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(2)

Let g, be n” largest prime that is = 3(mod 4)
Let all such primes be denoted g;, i > 1
Let q1,92,...,qn be first n of such primes
So, g; = 3 + 4n; some n; € Z

n

Let X =142 [ &
=1

=1+2 [[(3+4n;) =1+2(3"+4N) some N € Z

=1
3"isodd = 3" =1+ 2M some M € Z
=X=142(142M+4N) =3+ 4(M +2N) = X = 3(mod 4)



Clear that 24 X and ¢; 1 X 1<i<n
Suppose all prime factors of X are of the form 1 + 4 m; (which we will denote as p;) some m; € Z
= X = []p; = 1(mod 4) (=<)
. At least one ¢; with [ > n + 1 must divide X. . ¢ < X
S S <X =1+2]]q
i=1
Claim: ¢, < 22"\ >1 (Claim determined by trial and error. i.e. so that an induction proof will work.)
Base case: n = 1 g =3<2%
Inductive hypothesis: Assume ¢, < 22™ \Ym < some n > 1

Consider gui1 <1+2 ][ ¢ < 1+2-22 -22°...22" by inductive hypothesis

i=1
1_gn+t1l

149 1y 9211 < 92"+ -1 +22n+171 _ gon!
.. By strong induction, ¢, < 22" ¥n>1 Vv

(3)

By exercise (2) ¢, < 2%"
(case 1) x> 22 So, there are > n q’s that are < 92"

22[10y210921']

= there are > [logalogax] q’s that are <

= there are > logslogox — 1 ¢’s that are < g2levalosar
— 2log2;v =

o () > logalogax — 1 for x > 22

(case 2) 2<uz <22
G =3,q2=7

oo o, if2<a <3
1, if3<a< 22

0 = logalogs2? —1 > logalogax — 1
T () > logalogax — 1 for 2 < < 22

o (z) > logalogox — 1V >2



