Problems to think about (Chapter 6)

Let a and b be positive integers such that a is not divisible by b. Write
= lag, a1, . ..,a,|. Prove that |ag,—1 — bpn—1| = (a,b).

Let 6 be an irrational number with partial quotients a,, and convergents

q: . Prove that
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3. Given two sequences of integers ag, ay,as,... and by, by, bs, ..., define the
two sequences pg,p1,pa, - and qo,q1,q2 -+ Via pg = ag, p1 = apa1 + b,

go =1, ¢1 = a1, and for n > 2,

Pn = QpPn—1 + bnpnf2
and

n = QnQn-1 + annf2-

a. Prove that for n > 1,
n Pn-1| _ |Qo bl Ap—1 bn G, 1
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b. Assume a;,b; > 0 for ¢ > 1. Prove that if we define the symbol
lag, ..., an;b1,...,b,] recursively by [ag; —] = ap and
[a07ala"'7an;b1762a"'7bn] - aO+b1/[a17a27"'7an;b27"'abn]
for n > 1 then for all n we have

[ao,...,an;bl,...,bn] = —.



c. Prove that B= — Bt — (—1)"~ 1= P g6 all > 1, hence

Adn dn—1 dndn—1
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d. Given ag,ay,as,... and by, bo, ..., write ¢, = ﬁ’“qk L for kK > 1. Prove the
1 1
following identities:
(1) For k > 1,
Cht1 — Ck _ Okt1 Gk
Ck br+1 Qr—1

(2) Substituting (1) twice into

Gk ay, + by k- 2
qu Qr—1’
prove
De+10k (Cry1 — cx)(ck — cr—1)
bit1 i
for k > 2.
e. Let r1 < w9 < x3 < --- be an arbitrary sequence of positive integers that

satisfies x;, — o0o. Show that setting ag = 0, a1 = x1, by = 1, and for k > 2,
a = Ty — Tp_1 and by = x2_,, we obtain
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f. Using (e), prove that
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