
Inclusion-Exclusion Sum and Product

Let f be a function. We wish to evaluate∑
1≤a≤n
(a,n)=1

f(a).

Let the prime factorization of n be n = pe11 · · · perr . For each d ≤ n let
Ad = {a ≤ n : d|a}. By the inclusion-exclusion formula,

∑
1≤a≤n
(a,n)>1

f(a) =
r∑

k=1

(−1)knk

where
nk =

∑
1≤i1<i2<···<ak≤r

∑
a∈Api1

∩Api2
···∩Apik

f(a) =

∑
1≤i1<i2<···<ak

∑
a∈Api1

pi2
···pik

f(a).

This implies

∑
1≤a≤n
(a,n)>1

f(a) = −
∑
d|P

µ(d)
∑
a∈Ad

f(a) +
n∑
a=1

f(a).

Hence ∑
1≤a≤n
(a,n)=1

f(a) =
∑
d|P

µ(d)
∑
a∈Ad

f(a).

where
P = p1p2 · · · pr.

Corollary: ∏
1≤a≤n
(a,n)=1

f(a) =
∏
d|P

(∏
a∈Ad

f(a)

)µ(d)

.
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Lemma: ∑
d|P

µ(d)dk = (1− pk1)(1− pk2) · · · (1− pkr).

Examples:

1. f(a) = a. Then ∑
a∈Ad

f(a) = n2/2d+ n/2,

∑
1≤a≤n
(a,n)=1

f(a) =
n2

2
(1− 1/p1) · · · (1− 1/pr) =

nφ(n)

2
.

2. f(a) = a3. Then
∑

a∈Ad
f(a) = (dn2)/4 + n3/2 + n4/(4d),

∑
1≤a≤n
(a,n)=1

f(a) =
n2

4
(1− p1) · · · (1− pr) +

n4

4
(1− 1/p1) · · · (1− 1/pr) =

φ(n)

4
((−1)rp1 · · · prn+ n3).

3. f(a) = a. Then
∏

a∈Ad
f(a) = dn/d(n/d)!, therefore∏

1≤a≤n
(a,n)=1

a =
∏
d|P

(
dn/d(n/d)!

)µ(d)
=
∏
d|P

(
(n/d)dd!

)µ(n/d)
=

n
∑

d|n dµ(n/d)
∏
d|n

(d!/dd)µ(n/d) = nφ(n)
∏
d|n

(d!/dd)µ(n/d).
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