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Chapter 1: Divisibility
Prime number: a positive integer that cannot be factored into strictly smaller

factors. For example, 2, 3, 5, 7.

Every positive integer n > 2 can be factored into prime numbers: use strong
induction on n.

Greatest common divisor of two numbers: maximum common divisor.

Division algorithm: For each pair of integers a and b # 0 there exists a unique
pair of integers ¢ and r so that a = ¢b+r, 0 < r < |b|. Proof: The real
number line is partitioned into intervals of the form [Q|b], (@ + 1)|b]) where
@ is an integer. Find the one containing a. Then find ¢ so that ¢b = Q|b|

and set 7 = a — gb. A formula for ¢ is ¢ = [ﬁ} %

Euclid’s algorithm for constructing greatest common divisor of a and b # 0:
Form the sequence ag, ay,as,... with a; > ay > --- > 0via ag = a, a; = b,
and for k > 2, ap_o = qr_oap_1 + ap where 0 < a5 < agp_1. The sequence
has to terminate with some a,, = 0 for some n > 2, and a,,_; is the greatest
common divisor. Reason: The recurrence relation can be expressed in the

form ;
ak—2| _ |Qk—2 1| |ar—1
ak_l_ 1 0 Qg '

This can be used to obtain
go 1o 1] [aga—2 1] [an] _ [ao
L 0|1 0] | 1 0 0 a |’
z y -anfl — p
z w|| 0 ql
TAp—1 _ p
zn_1|  |q]

So we can see that a,_; is a common divisor of p and ¢q. Moreover if d is a
divisor of both p and ¢ then the recurrence relation can be used to show that

Simplifying,

Hence



d divides each ay, including a,_;. Hence d < a,_1 and a,_; is the greatest
common divisor.

Note that the inverse of {qlk (1)} is {(1) 1q ] . This implies that
—qk

iy i AR A

Simplifying,
an—1| |2 Y| |m
0 | |2 ]| |al|’

'p+y'q = an1.

In other words, given integers p and g with greatest common divisor d there
is always a pair of integers j and k such that jp+ kq = d. Whenever we have
jp+ kq = r we must have d|r. In particular, when jp+ kg = 1 we must have
d=1.

Example: Let a = 108 and b = 93. We have
108 =1-93+15

93=6-15+3
15=5-34+0

hence ag = 108, a1 = 93, ao = 15, a3 =3, a4, =0, ¢ =1, ¢ = 6, qo = 5.
Therefore ged(108,93) = 3. Substituting these values into

ol ot AN i B A 1
g e et

yields

Simplifying,

This yields
3 =(—6)(108) + 7(93).
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A useful lemma is that when (a,b) = 1 and a|be then alc. Reason: be = ak
and za + by = 1 implies ¢ = cxa + cby = cra + aky = a(cx + ky).

We now prove unique factorization for all integers n > 2. There is only one
factorization of 2 into a weakly descending list of primes. Now assume that
every integer > 2 up to n has a unique factorization into a weakly descending
list of primes. Suppose n+1 =pip2---Dj = q1G2 - .. qx With py > pa--- > p,
and q; > qo > -+ > q,. We will assume wlog that n + 1 is not prime and
that p; > q1If p1 > ¢ then (p1,q1) = 1, therefore by the lemma p1|gs - - - g
If p1 # g then (p1,92) = 1 and py|qs - - - gx. After a finite number of steps we
arrive at p; = ¢; for some ¢, which implies p; < ¢;. Contradiction. Therefore
p1 = ¢1. Dividing both sides by p; we have two factorizations of (n+1)/p; > 2
into descending lists of primes, so the factorizations must be the same, so
the two factorizations of n + 1 must be the same.

Note that whenever pi, ps,...,p, are the first n primes then pips---p, + 1
is not divisible by any of these. So it is either prime or has a prime factor
not equal to any of these. Hence there are infinitely many primes.

Greatest common divisor and least common multiple construction via prime
factorization.

1.8 Exercises, p. 7
(i) Using Euclid’s method and matrix calculations, (z,y) = (191, —42).

(ii) Since (35,55) = 5 there is a solution to 35z + 55y = 5. Since (5,77) =1
there is a solution to 5p+ 77q = 1. This yields 35zp+ 55yp+ 77¢ = 1. Given
(x,y) = (=3,2) and (p,q) = (31, —2), we obtain (zp,yp, q) = (—93,62, —2).

(iii) Let the primes < n be labeled py,po,...,p; where p; = 2. Let d be
the least common multiple of 1,2,...,n and set m = 1 + % + -+ % We
will show that dm is an odd integer. This implies that m is not an integer,
because if it were then dm would be even since d is even. To construct d
we inspect the prime factorization of each of the numbers 1, 2, ..., n, then
multiply the highest power of p; in these factorizations times the highest
power of p, in these factorizations times etc. Let 2% be the largest power
of 2 in {1,2,...,n}. We claim that this is the uniquely highest power of
2 in the prime factorization of these numbers. To see this, let k # 2% be
given in this range. Write k = p{'pf? .. -pfj. Then 2/1+/2t+f5 < ph .. -pij =
k < n, therefore f; + --- + f; < a, therefore f; < a. So know we know
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d = p{ps? - - - pi¥. This implies that % is even when k # 2% and that 2% is odd,
hence dm is odd.

(iv) I assume (z,y,...) stands for greatest common divisor and {z,y,...}
stands for least common multiple. To compute these we inspect prime fac-
torizations and pick out lowest or highest powers of primes. The identity
boils down to showing

min(max(a, b), max(b, ¢), max(c,a)) = max(min(a, b), min(b, c), min(c, a)).

This true: both sides are equal to b.

(v) Let the integers in question be g1, ga, ..., gr. no = ag + n1g; determines
ap and ny uniquely by the division algorithm. n; = a; + nygs determines a;
and ny uniquely by the division algorithm. Keep on going. Now make all the
substitutions and solve for ny.

(vi) Let py, ..., pr be the complete list of primes of the form 4n+3. Consider
the number x = 2 + p?---pi. It is congruent to 3 mod 4, so its prime
factorization cannot include 2 and cannot be comprised exclusively of primes
of the form 4n + 1. Hence it must be divisible by some p;: contradiction.
Hence there are infinitely many primes of the form 4n + 3.

(vii) Fermat primes are primes of the form 22" + 1. Now suppose 2" + 1 is
a prime number. Then the polynomial ™ + 1 does not factor. This implies
that n does not have any odd divisors, because if n = pq where ¢ is odd then
y? + 1 factors (has root —1) hence (27)? + 1 factors hence 2" + 1 factors.
Since n has no odd divisors we must have n = 2™ for some m, which makes
2" +1 a Fermat prime.

(viii) Let d be even. Then x + 1 divides 2% — 1 since the latter has root
r = —1. So 2™ + 1 divides 2™ — 1. Now let m and d be powers of 2 to
conclude 22" + 1 divides 22" — 1 when n < m. Write 22" — 1 = k(2%" + 1).
Then 1- (22" +1) — k- (22" + 1) = 2. Any common divisor of 22" + 1 and
22" + 1 is a divisor of 2 and so must be 1 since 2 is ruled out.

(xi) Let p; < p2 < ps < --- be the prime numbers. Given that 1+ [[}_, p;
is not divisible by p; for any ¢ < n, it must be divisible by some p; for some
J > n. This implies p,+1 < p; < 1+ [, pi- So we have established that
Prt1 < 14+ T1, pi. We have p; < 22" Assume pp < 227 for 1 < k < n.
Then we know that we can find p,, for some m > n+1 dividing p; - - - p, + 1,
therefore ppi1 < pm < p1---pot+1 <2242 41 = 92"-14 1 < 92" Hence
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we have proved p, < 22" for all n. Now let  be an integer in the range
221 11,22 12,22 Given at pp < 22", we have m(z) > k. On the
other hand, we have log, log,(z) < k, therefore we have m(x) > log, log,(x)
for x > 3.

Exercise: Show that % + % +---+ ﬁ is not an integer.

Exercise: Find an upper bound for ¢, = n'" largest prime of the form 4n-+3.
Exercise: Find a lower bound for 7/(x) = number of primes of the form
4n + 3 that are < x.

Chapter 2: Arithmetical Functions

2.1 The function [x]:

If n <2z <n+1then [x] =n. Now write n = qd+r, 0 < r < d. Then
gd +r < x < (¢4 1)d, therefore ¢ + 5 < % < ¢+ 1, therefore [%] = ¢ =

1= (3] d

Write n =qd +r, 0 <r < d. Then

(n/d) = q={d,2d,...,qd}| =) x(dlk).

Writem <z <m+1landn <y <m+1. Then m+n < x + y, therefore
2]+ [y =m+n < [z +y].

Let p be a prime and [,(n) the largest power of p in n. Then

L) =Y L) =D > x(@k) => Y x|k =
k=1

k=1 j>1 §>1 k=1

n n n 1 n
Z—. S - = — 1: .
j2 P pl—> p—1

i>1 j>1

Forn=a+0,

L(aldl) = L(al) + 1,0 = > {]ﬂ +y [g} <3 {%} = 1,(n)).

Jj=1



This implies a!b!|n!. Of course we already knew this because a’,‘—;, =) =
number of a-subsets of {1,2,...,n}.

2.2 Multiplicative functions and generating functions: A multiplica-
tive arithmetical function is a function f : ZT — R that satisfies f(ab) =
f(a)f(b) when (a,b) = 1, and more generally

foipg ) = f)f(05) -
When f is not nontrivial (not identically 0) then f(1) =

Generating function of a non-trivial multiplicative function: Let f be a non-
trivial multiplicative function and set

k) = Z [Pt
e=0
Then

fly'py ) = f1) f(p3?) -+ - = [17'857 - [Fa () Fa(ta) - - -

Therefore a generating function for fis Fy(t) = Fy(t1,t2,...) = Fi(t1)Fa(ta) - - -
Any such product with constant term 1 is the generating function of a mul-
tiplicative arithmetic function.

Products of generating functions:

If
F(t) = F(ty,ta,... Zf PP e . Zf(n)t”
n>1
and
G(t) tl,tQ,... Zg pllp; . telte . _Zg
n>1
then
=Y FTps g Pl g =
> f(@gn/dyt
n>1 djn



This implies that if a and b are multiplicative functions with generating
functions F,(t) and F,(t) then the multiplicative function ¢ with generating
function F,(t)F,(t) is defined by

Za b(n/d) = Zb a(n/d).
dln

Examples:

1. The unit function u(n) = 1 has generating function F,(t) = m

If f(n) is multiplicative then so is

=> f(n/d)=>_ f(d)

din din
and i)
F,(t) = F,(t)F ! .
g() () f() (1—t1)(1—t2>"'
2. The identity function i(n) = n has generating function (1—p1t1)(11—p2t2),,_. If

f(n) is multiplicative then so is

= df(n/d) =Y f(d)~

din dn

and

_ Fy (1)
Filt) = (1-— p1t1>(fl — pala) - -+

3. The Mébius function p(n) defined by
ppy o pt) = (D) (e = = e = 1)
has generating function
Fu(t) = (1 =t)(1 —t) -,

hence is multiplicative. If f is a multiplicative function and ¢ is defined by

= f(d)

din
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then we have seen by Example 1 above that

B0 = Gy Ly = RO (0) =

This implies

hence

Z,u g(n/d) = Zg u(n/d).

djn djn
In particular,

F) = g°) — g(*™)
when p is prime and e > 1.

4. The unit characteristic function v(n) = x(n = 1) has generating function
F,(t) = 1. Given that F,(t) = F,(t)F,(t), we have

=Y uld) =) uln/d).

din dln

5. Euler’s (totient) function ¢(n): This is defined as the number of natural
numbers < n that are relatively prime to n. Using the inclusion-exclusion
sum formula (see below), we have

=3 1= S =n Sty -1y L,

P a€Ag P P P P2 br

One can check that ¢ is multiplicative given this formula. Now define
=) o(d)
dln

This is multiplicative. It satisfies

9(p") =Z¢(pi)=1+(p—1)+(p2—p)+---+(pk—p'“‘1)=p’“,



hence g(n) = n for all n. Therefore

> o(d) =

din

To obtain a generating function for ¢(n), note that
Fi(t) = Fy(t) = Fu(t)Fy,

hence
(I —t1)(1 —tg)---

T A= pit) (1 —paty) -

6. Mobius Inversion: Let f: R — R be given and define
=>_fla/n),
n<x
summing over positive integers. Then

> uln)gla/n) = pln) > fle/mn) = pn) Y flz/mn) =

n<x n<x m<z/n n<x mn<z
DS/ pl/m) = fla/Dr(l) = f(z).
<z m|l <z

Conversely, if we define

Z,u g(x/n)

then
D [y =2 > wmgle/kn) = Y pln)glw/kn) = g(x/l) Y u(l/m) =
n<z n<x k<z/n n<z kn<x <z ml

> glz/hv(l) = g(x).

<z

When a multiplicative function is used to define the other this way then the
second function is also multiplicative, and we obtain

= f(d)

din
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if and only if

Zu g(n/d).

We already derived this by the method of generating functions above.
7. Applying Mobius inversion to the functions

:Zl’

dln

:Zd’

dln

n=>_ ¢(d)

din

1= u(d)r(S
din

=" uldo(5
din
= > )

dln

we obtain

The identities above also follow from F, = F.F),, F; = F,F,,, Fy = F;F),.

8. Summary of generating functions:

p(n): Fy =1 —t)(1—ty)---

v(n) =x(n=1)=3 4, un): F, =1

u(n)=1: F, = m

in) = n: B = gyt

T(n) =Yg 1 = Xy uld): Fr = F} = gty

0(n) = L d = Lo 1(d): Fo = FuFs = oiymgyapma s
o(n): Fy = 1%:2%8:;21;;_. = FuF
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9. The Riemann zeta-function. Take any generating function F'(t) = F(ty,ts,...) =
Fy(t1)Fy(ty) - - for a multiplicative function f. Making the substitution

t; — L+ where s is a complex number yields an infinite product. For exam-
ple, recall that we have

p.
Fult) = 1 D S
(1 —t1)(1 —tg)---

e1,e2,e3,->0
Hence
s s 1 1
FU(S)ZE(I/plal/p2,>: Z e — -

€1 ,.€62, €3 s
I) Z?} p‘ ct e n
e1,€2,e3,->0 1

This is called the Riemann zeta-function ((s). In particular,

1 =1 =
@@=l -2e=%

We will derive this evaluation this shortly.
More generally, if Fy(t) =37, f(n)t" then

Fyls) = Fy(1/pi. 13 ) = 3 T2,

Examples:

L. F,(s) = 7(5- This implies

In particular,

2. F,.(s) = F,(s)?. This implies




In particular,

iu(n) _

n=1

3. Fi(s) =2ty ae = Cls = 1).
4. F,(s) = Fi(s)F,(s). This implies

BAREIEIE)

n=1

5. Fy(s) = F,(s)Fi(s). This implies
Z S — 1)
¢(s)
6. For arbitrary functions f : Z* — R and ¢ : ZT — R we have
— f(n) - 9(n) f
d)
30§00 _ 3 SO0 L o

n=1 a,b>1 n=1 dln
assuming the expressions converge.

2

Derivation of > > =I.

n1n2 [

1-3---(2n—1) 22+t
tr=)

RS A TP RPN C Y I

1-3---(2n — 1)sin®* "y
f"‘—z 2.4 ’

2 ~@n) 2n+1
/2 sin2”+1xd _ 24 (2n)
0o 2n+1 1-3---(2n+1)
AR Mrea B DR i OFS
”_y b
6 _nzan'



2.5 The functions 7(n) and o(n): These are the multiplicative functions

defined by
T(n) = Z 1
din
and
o(n)=> d.
dln
We have
TPy ) =(er +1)(ea +1)--
and
o(pi'ps* -+ ) = ler + 1, [ea + 1y, -+
Given

L1
log(r(p")?) = < log(k+1) < klogp

for all but a finite number of values of £ and p,

T(pk) < pké
and

7(n) < en®
where ¢ is large enough to compensate for the exceptions. Also,

o(n) = E<nzl<n(l+logn)<2nlogn,
d — d
din d<n

the estimate coming from an integral comparison.

A lower bound for ¢(n): set f(n) = o(n)@(n)/n?. This is a multiplicative
function, so to evaluate it it suffices to evaluate f(p*) for a prime p and k > 1.
We have

) . pk—l—l_l
o) =1tpt- =T
p—1
o(p*) = p* —p" = pF(p - 1),
2k k-1
Ky P —DP . 1 1
f") = p2k _1_pk+121_ﬁ’



>H(1——):%,

m>2

the latter a limit of finite products, hence

> = .
o(n) 2 20(n) ~ In logn  4logn

The ideas in this proof: (1) To calculate or estimate a multiplicative function,
combine them in such a way that things cancel; (2) use properties of inequal-
ities; (3) exploit known formulas such as infinite sums, infinite products, and
integrals.

2.6 Average orders: It’s time to start using big-O notation. When we say
f(z) = g(x) + O(h(z)) we mean that

g(x) — Ch(z) < f(z) < g(x) + Ch(x)
for some constant C' > 0 independent of x.

Let x be an integer.

Dorn)=>>"1=>>"1=> |{d.2d,3d,...}n[0,2]| =

n<z n<z dn d<z "<I d<z
SoHL23, 300 5= E] :Z(§+o<1)) —z $+O(:c) -
d<z d=1 d=1 d=1

z(logz +0O(1)) + O(x) = xlogz + O(x),
hence

éZT(ﬂ) =logz + O(1).

n<x

Let x be a positive integer.

dom =33 T =>> "=

n<lz n<z d|n d<zx n<z
dln
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z ([z} +1)
Y oy otoy oy roy D
d<z ne{d,2d,... }N[0,z] d d<z %6{1,2,...}0[0,[%]] d d<z 2
>3 () +od)-

d<z

—x—2<ii+o<1/ ) + O(x1 )—”2x2+o< log 7)
=3 d:1d2 x rlogx) = D zlogx).

2

We have used Y 7, & = &=

-
Let x be a positive integer.

PILOED S WICEDICH I

n<x n<z dn d<z d|n

n<lx

2

Zu(d) (% (g)Q + O(§)> = % ( O_O Mc(l;:l) + O(l/x)) + O(xzlog )

d<zx

3z?
= + O(zlogx).

We have used

i p(d) 6
a2 72
d=1
We obtain
R
Z o(n) = — + O(zlogx).

n<x

Note that the number of integer pairs (p,¢) such that 1 < p < ¢ < 2 and
. . 2 . .1s

ged(p,q) = 1is Y ., #(q). Given there are ** such pairs, the probability

that p < ¢ are relatively prime in {1,2,..., 2} is ~ %.

2.7: Perfect numbers: Perfect number is a positive integer which is the
sum of its proper divisors: o(n) = 2n. Examples include 6 and 28. More
generally, if p is a prime such that 2” — 1 is prime (i.e. a Mersenne prime),
then

o(27 (2 1)) = o2 )o(2-1) = (1424 +27) (14 -1)) = (2-1)2
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hence 2P71(2F — 1) is a perfect number. These are the only even examples:
Let n be perfect and write n = 2%b where b is odd and a > 1. The divisors
of n are of the form 2'd where d|b. Hence

20ty = 2n = o (n) = (2°T" — D)o (b).

Unique factorization yields o(b) = 29T1by hence b = (247! —1)b,, which yields
information about o (b). If by > 1 then b and by contribute to o(b), hence

27Hby = o(b) > b+ by + 1 = (27 — )by + by + 1 > 2"y,

a contradiction. Therefore by = 1, b = 2t — 1, n = 2%(2°*1 — 1). We now
have
2020 1) = 2n = o(n) = (2*™ — 1)o (27T — 1),

2a+1 — 0_(2a+1 _ 1)
b+1=0o(b),

Y

which implies that b is a prime number. So 2°t! — 1 is prime. This forces
a + 1 prime: z"* — 1 = 3% — 1 has root y = 1, hence

2" —1=y"—1=(y—1gly) = (=" — Lg(a").
Given n = 2(2°"! — 1) we have n = 2P71(2? — 1) where p and 27 — 1 are
prime.

Remark: According to Davenport (An Introduction to Higher Arithmetic),
it is not known if there are infinitely many perfect numbers or if there are
any odd perfect numbers.

The ideas in this proof: (1) Compare numbers and use unique factoriza-
tion; (2) information about how n factors yields information about o(n); (3)
exploit inequalities; (4) a number n is prime if o(n) =n + 1.

Inclusion-Exclusion Sum and Product

Let Aq,..., A, be a union of finite sets of natural numbers. Let f be an
arithmetic function. For a finite subset A of natural numbers write

14l = f(a).

acA
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Let s(a) the number of sets that a belongs to. Then for each 1 < k <n,

S X(a € ADf(a) = f(a) (<k>)

re(i)
Now sum over each a € A; U---A,. We obtain

> l= X ).

Ie([’g]) a€A1U--UA,

Now form the alternating sum

STEDT Y Al =Y 0 Y f) ((k>)

k=1 [e([z]) k=1 acA1U---UA,

The sum on the right-hand side can be reorganized into

> iy (W),

ac€A1U---UA, k=1

Each of the expressions Y ,_, (—1)F* (s(]f)) is equal to 1 by the Binomial
Theorem. Hence we obtain

n

DEDEEY A= Y fl@ =AU U Al

k=1 IE([Z]) a€A1U---UA,

Example: Let f be an arithmetic function. We wish to evaluate

> fla).

1<a<n
(a,n)=1

Let the prime factorization of n be n = pi*---p¢*. For each d < n let
Ay ={a <n:dla}. We have

{a:1<a<nand (a,n) >1} =4, UA,U---UA,.

17



By the inclusion-exclusion formula,

> fla) ==Y uld) ) fla)+ ) fla)

(15,5)?1 d|P a€Ay
hence
> fla)=> u(d) Y fla)
1<a<n d|P a€Ay
(a,m)=1
where
P=pips---pr.
Example:
p(d)
II r@=11 (H f(fﬂ) :
1<a<n dP \a€Ay
(a,n)=1
Lemma:
> p(d)d* = (1= p§) (1 —p§)--- (1 —pf).
d|p
Examples:

1. f(a) = a. Then
> fla) =n*/2d +n/2,

a€Ay

> fla 1 —1/p1)---(1=1/p,) =

1<a<n
(a,n)=1

2. f(a) =a® Then ), f(a) = (dn?)/4+n?/2 4+ n*/(4d),

ng(n)
R

2 4

> f@) = =p)- (U =p) + L= 1p) - (1= 1/p) =



3. f(a) = a. Then [],, f(a) = d"/4(n/d)!, therefore

[T o=TI (@ “e/ay)” =TT ((n/dya) " =

1<a<n d|P dP

(a,n)=1

n2=din du(n/d) H(d'/dd)“("/d —n® H(dl/dd) p(n/d)
dln din

2.10 Exercises:

(i) This is a multiplicative function which evaluates to —p on p*, so if n =
pit -+ pS then we obtain (—1)"py - - - p.

(i) Let n = pi*---pir. de Ad) = i 25;1 logp; = > i eilogp; =
logn. Hence Zn L ns C(s) =3, k:ffs”,

= An L= logn '(s
Ry

n=1 n=1

(iii) See Example 1 above. We have f = 1¢ + tv. Given F,F, = F; and
EF, = F,, we have >, f(d) = t(n+1).

iv) See Example 2 above.

(
(v) See Example 3 above.
(vi) Recall {z} =2 — [z] and [%] - [%}} Hence {5} =0 [%] We have

S oum)x/n] = pn) > 1= pn) Y 1= pumn)dy 1=

n<x n<x k<z/n n<z kn<z n<z M|§I
n|m

Z Zu(n) = v(im) = 1.
m<z n|m m<x
Hence
S - S um {2 =1
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Zu(n)% = i (1+ZM {%})

n<x n<x

Zu<n>%|=§ 1+ Zum){%} <M<

n<e n<la]

since all the terms in the sum have absolute value < 1 and the last summand
1s 0.

(vii) If u(n/(m,n)) = 0 then every summand is zero and the identity is true.
Now consider pu(n/(m,n)) # 0. Let a be the product of the primes appearing
to smaller exponent in m, let b be the product ot the primes appearing to
smaller exponent in n, and let ¢ be the product of the primes appearing
to the same exponent in m and n. Then we have (m,n) = abc, where by
convention an empty product is 1. We also have m = Abc and n = aBc
where P(A) = P(a) and P(B) = P(b), denoting by P(k) the product of the
distinct primes appearing in k. Moreover n/(m,n) = B/b = P(b) since we
are assuming n/(m,n) is square free. Any divisor of (m,n) has the form
a't'd where d|a, b'|b, and |c. Therefore

Z dp(n/d) = Z at'dpu((a/a)(B/V)(c/)) =

d|(m,n) a’la,b’|b,c'|c

Za',u(a/a’) Zb’,u(B/b/) ZC/M(C/C,) =

ala b'|b dle

> Vu(B/Y) | ¢c) =
b|b

é(n)
¢(n/(m,n))

since the only nonzero contribution by pu(B/V) is from b = b.

(viih) 327, 0(n) 12 = S0, (m) (@ + 22+ ¥ 4 ) = T (19 5, 0(d)) =

Z;iljx = (l_z_x)%

¢(a)bu(P(b))¢(c) = p(n/(m,n))
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(ix) Let = be an integer.

IR RIS I IR HiR

n<z n<z dn 7;‘<I d<z
d d
2E (o) = VLA
d<z d<z d<z

z((6/7%) + O(1/x)) + O(log x)O(1) = (6/7%)x + O(log ).

Chapter 3: Congruences

Definition. Given a natural number n € {1,2,3,...} we say that integers
a and b satisfy a = b (mod n) provided n|(b — a). This is an equivalence
relation.

Properties: (1) a=band o/ = imply a +a = b+ b and ad’ = bb. (2)
a =1 where a = qn +r and 0 < r < n, which implies that there are exactly
n different congruence classes mod n. (3) When (a,n) =1 then ab = 1 mod
n has a solution: use x where za + ny = 1. b is unique mod n: ab =1 and
ac = 1 implies nla(b — ¢) implies n|(b — ¢) implies b = ¢ mod n. We write
a ' =b. (4) (a,n) =1 and a = b mod n implies (b,n) =1 and a~ = b~ 1.
(5) If (a,n) = 1 and ax = y mod n then x = a~'y mod n. The solution z is
unique mod n.

Linear equations: Consider the equation
ar = b (mod n).

This is equivalent to n|(ax — b), and if there is a solution then (a,n)|b. So
this is a necessary condition. If this condition holds then we are attempting
to solve apr = by (mod ng), where we have divided through by (a,n). We
have seen above that has a solution because (ag,n9) = 1. Conclusion: ax =
b (mod n) has a solution iff (a,n)|b.

Note that there is a unique solution for z mod ng. So the solutions are all
of the form zy + kng where z( is a particular solution. Number of distinct
solutions mod n: g+ kng = xo+ jno (mod n) <= nlny(k — j) <=
(a,n)|(k—j) <= k=7 (mod (a,n)). So there are (a,n) distinct solutions
mod n, and it suffices to use xy + kng where 0 < k < (a,n) — 1.
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More generally, we now have the means to solve the equation ax +b = ¢ mod
n.

Chinese remainder theorem: Let ni,...,n; be natural numbers which
are coprime in pairs, meaning (n;,n;) = 1 when ¢ # j. Let ¢1,...,¢; be
integers. Then there is an integer z, unique mod ninsy - - - ng, such that

(x,z,...,2) = (c1,¢9,...,¢,) mod (ng,ng, ..., Ng).

First proof: repeated substitution and shifting. We are seeking a
solution of the form ¢ +ayn; for an appropriate a;. We require ¢; +a1n; = ¢
mod n9, which has a solution for a; because (ny,ny) = 1. The most general
solution is a; + agng. We require ¢; + (a1 + agng)ny = ¢z mod ngz, which
has a solution for ay because (ngoni,n3) = 1. The most general solution is
as + agng. We require ¢; + (a1 + (az + agng)ng)ny = ¢4 mod ny, which has a
solution for az because (ngnoni,ny) = 1. Keep on going until we have found

T =cC+ang + agnong + -+ + aQpngpng—1 - - Nq.

The solution is unique mod nins - - - ng because if y is another solution then
then n;|(z —y) for i =1,... Kk, so ny -+ - ng|(z — y).

Example: Solve (z,z,z) = (1,2,3) mod (6, 35,143). Solution: 1+ 6a; = 2
mod 35, a; = 6 + 35as, 1 + 6(6 4 35a2) = 3 mod 143, as = 1088 + 143ag, so
our solution is x = 1 + 6(6 4 35(1088 + 143a3)) = 228517 + 30030as.

Second proof: decoupling. First find solutions to x; = ¢; mod n; and
z; = 0 mod n; for j # 4, then use the solution z = zy + x3 + -+ + ;. So
we have reduced the problem to solving the simultaneous equations z; = ¢;
mod n; and x; = 0 mod ny -+ -1y -+ -ny. Setting x; = ny---n; - - nRY; we are
seeking a solution to

Ny gy, = ¢ (mod ny).

There will be a solution for y; because (ny - -n;---ng,n;) = 1.

With the n; coprime in pairs, we can now solve the simultaneous equations
a;x = b; (mod n;): first solve each solution individually, yielding solutions
x1,..., T, then find z so that = = z; (mod n;) fori =1,... k.

Alternative proof that ¢ is multiplicative: Let m > 2, n > 2 be given
such that (m,n) = 1. Let 1 <my < --- < m, < m satisfy (m;,m) = 1, let
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1<ny <+ <ng<nsatisfy (n;,n) =1, andlet 1 <z <--- < xy <mn
satisfy (x;,mn) = 1. Consider the mapping (m;,n;) — m;n + n;m. If the
images are congruent to x;’s and each z; is uniquely an image modulo mn,
then we know that rs =t.

We first show (m;n + n;m,mn) = 1. Let d be a common divisor of these
numbers. Then d|m or d|n. Without loss of generality d|m. Then (d,n) =1
and d|m;n, therefore d|m;. Since (m,m;) =1, d = 1.

The mapping is injective: myn + nym = men + ngm = (M, — me)n =
(ng —np)m = n|(ng—mnp) = ng = ny and my, = m,.

The mapping is surjective: We wish to find m; and n; such that m;n+n,;m =
xr mod mn. We can certainly find integers p and ¢ such that pm +qn =1
since (m,n) = 1. This yields xypm+xrgn = xj. The claim is that (zxp,n) =
1 and (xrq,m) = 1. It suffices to prove (p,n) = 1 and (¢, m) = 1, but these
are true since pm + qn = 1.

Lemma: Let a;,as,...,a4n) a complete list of class representatives in the
set {a € Z : (a,n) = 1}. Let (k,n) = 1. Then kai,kas, ..., kayy is a
permutation of ai, as, ..., aym) mod n.

Proof: The set {a € Z: (a,n) = 1} is closed with respect to multiplication,
so all the elements in the list kay, kay, . . ., kagyy) appear in this set. We need
only show that the list consists of distinct elements modulo n. The results
from ka; = ka; = nlk(a; —a;) = n|(a; — aq;).

Euler’s Theorem: Assume (a,n) = 1. Then a®*™ =1 mod n.

Proof: By the previous theorem we know that aay, ..., aaym) is a permuta-
tion of ay, ..., asn) mod n. Forming the product of the lists,

&(z)(n)al .« e a(z)(n) = al LR a(p(n) mOd n.

This implies a®™ =1 mod n.

Fermat’s Theorem: Let p be prime and assume (p,n) = 1. Then a?~! =1
mod p.

Proof: This is a corollary of Euler’s Theorem with n = p and ¢(n) =p — 1.

Wilson’s Theorem: Let p > 2 be a prime. Then (p — 1)! = —1 mod
p. Proof: The class representatives are 1,2,...,p — 1, and for each class a
there is a unique class a’ such that aa’ = 1 mod p. Classify the numbers
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1,2,...,p— 1 into three types: a < a’, a =d’, a > d/. In the a = o’ category
we have a® = 1, therefore p|(a — 1)(a + 1), therefore p|(a — 1) or p|(a + 1).
The only possibilities are a = 1 and a = p — 1. The remaining numbers pair
off to form the product 2-3---(p —2) = 1. This yields (p — 1)! = —1.

A converse: let n > 1 be a natural number that satisfies (n — 1)! = —1 mod
n. Then n|((n — 1)! 4+ 1). So any d < n dividing n divides 1, forcing d = 1.
Hence n must be prime.

The field Z,: Define addition and multiplication in {0,1,...,p — 1} using
modulus class representatives. The set of non-zero elements is closed with re-
spect to multiplication and each element has a unique multiplicative inverse,
hence forms a group. We call such a set a field.

Finding v/—1 in Zy: Trivial when p = 2. For odd p, consider solving the
equation 2 = —1 mod p. If we can realize 2% as (p — 1)! then we have a
solution. Write p = 2r+1. We have —1 = (p—1)! =7rl(r+1)(r+2)--- (2r) =
ri(=r)(=r +1)---(=1) = (=1)"(r")2. If r is even we get —1 = z* where
x = rl. This requires p = 1 mod 4. Now if p = 3 mod 4 the equation
2?2 = —1 mod p implies 27! = 72 = (—1)?"*! = —1, which contradicts
Fermat’s theorem. So there is no v/—1 in Z, when p = 3 mod 4, but there is
when p = 1 mod 4.

Lagrange’s Theorem: Given a polynomial f(z) of degree n and integer
coefficients, where p does not divide the leading term, there are at most n so-
lutions to f(z) = 0 mod p. Proof: Induction argument regarding polynomials
in Z,[x].

In Z,[z] Fermat’s theorem implies
Pt —l=(@-1)(z—-2)--(z—p+1).

Therefore 277! — 1 has exactly p — 1 roots in Z,.

Now suppose d|(p — 1). Write p — 1 = gd. (Y — 1)|(Y? — 1), therefore
(2% — 1)[(2P~! — 1), so we can write 2P~ — 1 = (¢ — 1)g(x). Since 2P~! — 1
has p — 1 roots, and g(x) provides at most p — 1 — d of them by a degree
argument, ¢ — 1 has to provide at least d of them. So 2¢ — 1 has exactly d
roots in Zj,.

Second proof of Wilson’s theorem: Evaluating at = 0 in the identity above
yields
1= p-1)=(p—1)! modp
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for an odd prime.

When n is not prime, it is possible for there to be more than deg(f) distinct
roots mod n of a monic polynomial f(z). Construction: Let py, ..., px be
distinct primes. Set f;(x) = xP" —x for each ¢ < k. Then f;(x) has exactly p;
roots mod p;. Now set f(z) = fi(z)--- fr(x). Choose any vector (g1, ..., qx)
where 0 < ¢; < p; for each i. By the Chinese remainder theorem there is
a unique integer x mod p; - --p, such that z = ¢; mod p; for each i, and
f(z) = 0 mod py, mod ps, ..., mod pg, hence mod pips---p,. So we have
constructed a polynomial of degree p; + --- + pr with p; - - - pg roots. For
example, f(z) = (z* — x)(2° — x) has degree 8 and 15 roots mod 15.

Section 3.6: Primitive roots.

Let (a,n) = 1. We know that a®™ = 1 mod n. The order of a mod n is
defined to be d = o(a), the smallest positive integer such that a? = 1 mod
n. It is a divisor of ¢(n): write ¢(n) = pd 4+ r where 0 < r < d. Raising a
to the power of both sides and simplifying, " = 1. By minimality of d this
forces r = 0. A primitive root mod n is an integer a such that (a,n) = 1 and
a has order ¢(n) mod n.

Terminology: when the order of @ mod n is d we say that a belongs to d mod
n.

Theorem: There are ¢(p — 1) primitive roots mod p for a prime p.

Proof: Let ¢)(d) be the number of elements a with 1 < a < p and (a,p) =1
and having order d. We wish to prove ¢(p — 1) = ¢(p — 1). We have

> dd=p-1

d|(p—1)

> dd)=p-1,

d|(p—1)

Given that

we will have ¥ (d) = ¢(d) for each d dividing p — 1 provided we can show
¥(d) < ¢(d) for each such d. To do this, suppose that ¢ (d) > 0 for a given
d. Let a have order d. Then the numbers 1,a,a?,...,a% ! are distinct mod
p and constitute all the roots of % — 1 in Z,. We now count the elements
of order d mod p — 1. Let b be an element with order d. It is a root of

2% — 1 mod p, hence it must have the form a™ for a unique m satisfying
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0 <m <d-—1. We will show (m,d) = 1. Suppose (m,d) = k and write
m = mok and d = dok. Then b% = (a™)% = q(mod/k) = (q?)™ = 1, forcing
do > d. But d > dy, hence d = dy and k = 1. Hence ¥ (d) < ¢(d), as desired.

Remark: The theorem implies that there is always at least one primitive root
mod p for every prime p. It says nothing about how to find them, but in
the problems to think about for Chapters 3 and 4 I illustrate some of the
techniques. One can always use brute force. In Problem (v) below we will
show how all the primitive roots of n are related to any particular one of
them.

Remark: Now that we know that there are ¢(d) > 1 primitive roots of unity
of order d mod p when d|(p—1), we can pick any of them, say a, and produce
all the roots of ¢ — 1 via the list 1,a,a?,...,a% . Hence

' —1=@—-1(x—a) (v —a*?

in Z,[x].

Constructing a primitive root mod p’ when p is prime: Let a be a primitive
root of p. If the order of @ mod p’ is d then a¢ = 1 mod p, so ¢(p)|d,
i.e. (p—1)|d. On the other hand, d|¢(p?), therefore d|(p — 1)p’ ", therefore
d= (p—1)p"* for some k < j — 1. To find a primitive root of p’ we will find
a primitive root of p satisfying k = 5 — 1.

Lemma: For an odd prime p and an integer z, (1 +pz)? =1+ pIt1Z where

Z = z mod p. For any integer z, (1 + 22)¥ = 1 + 2972y for some integer y
for j > 1.

Proof: We treat the odd prime case by induction on j. The base case j =0
is true. Now assume that (1+pz)?” = 1+p' "1 Z where Z = 2z mod p. Raising
both sides to the power p we obtain

p
1 Py 2y Py G+vi i
(1 +pz) + 7’ +; )

One can check that p?*3 is a divisor of all the terms in the sum with a binomial
coefficient, using the fact that p| (7:) when 0 < ¢ < p and the fact that p > 3.
Writing Z' = Z 4+ p= 7250, (?)pUi D Z" we have (1 + )P =14 pit2z
and Z' = Z mod p.
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We have (1+2z)? =1+38 (#) Assuming (1 +22)% = 1+ 272y, we have

92j+1

(1422)*" = (1+27y) =142y +2771y%).//

Note that the lemma implies that there are no primitive roots mod 27 for
j > 2, since (1+22)? " =1 mod 27.
Now let p be an odd prime and let a be an integer such that (a,p) = 1 and

a is a primitive root of p. Then a?~! = 1 + py for some y. For any integer x,
a + px is a primitive root of p and

(a+pz)™t =a" '+ (p— Vpza’ > + p°Z =

L+py+ (p— Dpra?? +p*Z =1+ p(y+ (p — Daa’* + pZ).

Since ((p — 1)a?~2,p) = 1, we can find x so that y + (p — )wa?2 +pZ = 7'
for some Z’ with Z/ = 1 mod p. This implies that a + px is a primitive root
mod p/: suppose that a + px has order d mod p/. Then d = (p — 1)p* for
some k£ < 7 — 1. We have

(a+px)P7" = (1 +pzV" =1+ p"*' 2" =1 mod p/

where Z” = 7’ = 1 mod p. Since p does not divide Z”, 1 + p?~1Z"” =1 mod
p’ implies k+1 > j, ie. k> j—1. Hencek=j—1,d= (p—1)p~! = ¢(p?).

Moduli that permit primitive roots: Suppose n factors as n = niny, where
(n1,m2) = 1 and ny > 2, ng > 2. Then ¢(n) = ¢(ny)p(nsy) is even and,
for any a with (a,n) = 1, a2¢™ = (¢#)29(") = 1 mod ny and a29™ =
(a%™2))29m) = 1 mod ny, hence a2®™ = 1 mod n. So there are no primitive
roots of n in this case. The lemma implies that there are no primitive roots
mod 27 for j > 3. This leaves n = 2,4, 2p’ where p is an odd prime. There
are primitive roots in each case: 1 is primitive mod 2, 3 is primitive mod 4.
Now let a be primitive mod p?. Then so is a + p’, and the odd one of these is
coprime with 2p’. We have ¢(2p’) = ¢(p), so either a or a + p/ is primitive
mod 2p’.

Section 3.7: Indices.

Let g be a primitive root of n. Then

{1<a<n—1:(a,n)=1}={l,g,...,¢°™ — 1} mod n.

27



We write ind(a) = i when (a,n) = 1 and a = ¢* mod n. More generally,
a = ¢' mod n iff | = ind(a) mod ¢(n). Properties include ind(ab) = ind(a)+
ind(b) mod ¢(n) and, for n > 2, ind(—1) = 1é(n).

Example: solve 2° = 2 mod 7. The number of distinct solutions to x mod
7 is equal to the number of solutions to ind(x) mod 6. We have bind(x) =
ind(2) mod 6. Since (5,6) = 1, there is a unique solution for ind(z) mod
6, hence a unique solution for x mod 7: Using the primitive root 3 we have
ind(z) = —ind(2) = -2=4, v =3"=4.

Now consider n = 27 for j > 3. We can prove by induction that
52" =142k,

where k, is odd by induction on a > 0. This implies that o(5) = 272 mod
27 for j > 3. Moreover, 5* = 1 mod 4 and (—5)® = 3 mod 4, which implies
that 5¢ # (—5)° mod 27 when j > 3. So all numbers of the form (—1)*5Y,
0<2<10<y< 2721, are distinct mod 27, and this accounts for
all odd residue classes mod 27. Hence every odd residue class mod 27 has a
unique expression of the form (—1)*5Y mod 2 in z and mod 2772 in y.

3.9 Exercises:

(i) This equivalent to solving (z,z,x) = (2,2,3) mod (3,5,7). Solution set
using repeated substitution: x = 17 + 105k.

(ii) Write ax = g,n + r, where 0 < r, < n. As x runs through a set of
reduced residues mod n, so does r,. Moreover {ax/n} = r,/n. So for n > 2

we obtain )
by
n

1<r<n
(r,n)=1

By Problem (iii) in Chapter 2, this sum is @

(iii) The contrapositive of this statement is that when n is not prime then
either ¢! £ 1 mod n or a™ = 1 mod n for some proper divisor of n — 1.
So assume 7 is not prime and a®~! = 1 mod n. We must show a™ = 1
mod n. Let the order of @ mod n be d. Then d|(n — 1) and d|p(n). We
can set m = d provided we can show ¢(n) < n — 1. This follows from
o(n) = é(n1)p(n2) < (ng — 1)(ng — 1) < n — 3 where (ny,n2) =1, nyny = n,
N1, N9 Z 2.
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(iv) First suppose that p > 2. Using indices,
P71 =1 mod p’ iff (p — 1)ind(z) = 0 mod ¢(p’) iff ind(z) = 0 mod p’~'.

There are p — 1 solutions mod p’, namely the multiples of p’~*. When p = 2
there is exactly one solution to x = 1 mod 27.

(v) Let g be a primitive root of n. Then it has order ¢(n). If g* has order
d mod n then d|¢(n) and ¢(n)|kd, and if (k,¢(n)) = 1 then ¢(n)|d and so
d = ¢(n). Hence (k,¢(n)) = 1 implies primitive. Moreover, if (k,¢(n)) =
D > 1, write k = koD, ¢(n) = ¢oD. Then (g*)% = (g")?™ = 1, hence ¢* is
not primitive. Hence g* is primitive iff (k,¢(n)) = 1. This implies ¢(¢(n))
primitive roots mod n, namely

{g" 11 <k < ¢(n) and (k, p(n)) = 1}.

(vi) Let g be a primitive root mod p. We have shown in problem (v) that the
primitive roots mod p are precisely g* where 1 <k <p—1and (k,p—1) = 1.
So we are evaluating

> 4"

1<k<p—1
(k,p—1)=1

By our inclusion-exclusion sum formula of chapter 2 this is equal to

doud)> g

d‘P a€Ay

where pyq, ..., p, are the primes dividing p — 1,

P =pips---pr,
and
Ag={a<p-—1:d|a}.

Given that
na=Y g¢'=g"+5"++g,
a€Ay

we have g%ng = ng mod p, hence (¢¢ — 1)ng = 0 mod p. For d < p — 1 this
forces ng = 0 mod p. This just leaves p(p — 1)n,—1 = p(p — 1).
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(vii) Using 3 as the primitive root of 7, the equation is equivalent to 2Y =
5+ 3X mod 6, where X and Y are the indices of x and y. Hence X must
be an odd number. Writing X = 1+ 2X’ and substituting, the equation is
2Y = 2 mod 6. Any X’ will do, and we must have Y = 1 mod 3. Hence
y =313 2 = 3172 In reduced form, y = 3 - (—1)¢, z = 3 - 2°.

(viii) Let m =141 +--- + Iﬁ. Then m = n/d where n = (p — 1)!m and
d = (p—1)!. Since d is not divisible by p, it suffices to show that n is divisible

by p?, for then any fraction equivalent to m will have numerator divisible by
p?. We have

2n = (p= (/1) +(1/p=1))+((1/2)+(1/p=2))+---+((1/p=1)+(1/1))]

=plp—-DI(1/(A(p—-1))+1/2(p—2)) + -+ (1/((p — 11))).
Write

M= (p-1I1/(p—-1)+1/C2(p—2)+---+ 1/((p—1)1))).
It suffices to show that M is divisible by p. We have

M=@-D)1"p-) " +2p-2)""+ +(p-1) 17" =

1) = (p— Dp(2p — 1)

5 .
Since (p,6) = 1 (we are given p > 3), 6|(p — 1)(2p — 1). Hence M = 0 mod
p. NOTE: there is a proof in Hardy and Wright that involves this idea of
pairing things off, but this sum of squares business is my idea.

124224 4 (p—1D)2=12+22+-- 4+ (p—

Chapter 4: Quadratic Residues
Sections 4.1 and 4.2: Legendre’s Symbol and Euler’s Criterion

Solving az? + bx + ¢ = 0 mod n requires solving (2az + b)* = b* — 4ac mod
4an. We call a a quadratic residue mod n when there is a solution to 22 = a
mod n. In other words, \/a € Z,.

Example: Recall that for an odd prime p, v/—1 € Z, if and only if p = 1
mod 4, in which case we have /=1 = £(Z1)1.

p=1\2 ;
5—)° are quadratic

residues mod p. They are distinct mod p: given i # j € {1,2,..., p%l}, the
factors i — j and i + j are not divisible by p, hence 72 — 52 is not divisible by

Let p be an odd prime. Each of the numbers 12,22, ... (
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p. Hence these numbers are the complete set of solutions to 2% =1 mod
p. Since every k € {1,...,p — 1} satisfies k' = +1 mod p, k is a non-zero
quadratic residue mod p if and only if k"7 =1 mod p. This gives rise to
Euler’s Criterion: for an odd prime p and (a,p) = 1, a is a quadratic residue

mod p if and only if a"s =1. The Legendre symbol is

a) |1 a is a quadratic residue mod p
—1 a is not a quadratic residue mod p

p
b b— p— p— b
(a_) (ab)Tl =47 b7 = (2) <—> mod p,
p p p

and since p > 3 and these symbols are +1 this implies <“7f’> = <%> (g)

} = 4”7 mod p.

Note

Let p be an odd prime and let g be a primitive root of p. A complete set of
non-zero quadratic residues mod p is {g2, g%, ..., g? 1}

Section 4.3: Gauss’ Lemma

We wish to derive a formula for (%) for an arbitrary odd prime p that does

not depend on computing a"7 mod p, which can be difficult when p is large.
Toward this end, observe that given an odd prime p = 2r+ 1, every integer k
is equivalent to a unique number in {—r,—r+1,...,—-1,0,1,...,r—1}. To
see this, use the division algorithm to write k+1r = dp+ s where 0 < s < 2r.
Then £ = s —r mod p and —r < s —7r < r. We will say that k£ has a
negative representation mod p if kK = s for some s € {—r,—r+1,...,—1}
where p = 2r + 1. The number s is called the numerically least residue of k
mod p.

Theorem: Let p = 2r 4+ 1 be an odd prime and let (a,p) = 1. Then

(§)-ror

where n is the number of integers in the set {a,2a,...,ra} that have a
negative representation mod p.

Proof: For each i € {1,2,...,r} say that ia = a; mod p where a; €
{=r,—r+1,...,7—1}. Then |a4|, |as|, ..., |a,|is arearrangement of 1,2, ... r.
Hence

(rha" = (1a)(2a) - - - (ra) = ayas - - - a, = |aq|]az| - - - |a.|(=1)" = (r!)(—=1)" mod p,
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Let’s calculate (%) for an odd prime p. Write p = 2r + 1. Then

{-1,-2,....,—r}={r+1L,r+2,...,2r -1}
mod p. Using a = 2 we must determine

n={2,4,....2r}N{r+1,r+2,...,2r — 1}|.
If r = 2k then

n={2,4,. . 4k}N{2k+1,2k+2,... Ak} = |{2k+2,2k+4,. .. Ak} =k

(4k2+ 1) = (1"

n={2,4,...,4k+2}0{2k+2,2k+3, ..., 4k+2}| = |{2k+2, 2k+4, ..., 4k+2}| = k+1

and

If » =2k + 1 then

and

Hence




Hence 2 is a quadratic residue mod an odd prime p iff p = 1,7 mod 8 and 2
is a non-quadratic residue mod p iff p = 3,5 mod 8.

Section 4.4: Law of Quadratic Reciprocity
Let p and ¢ be distinct odd primes. The law of quadratic reciprocity is

()

This formula is useful for deciding whether or not a number is a quadratic

residue. For example, we have (1) (1}) = (—=1)"7/% = 1, therefore

171) \5
(%) = (1?71) = 1712 = 1 mod 5. Hence 5 is a quadratic residue mod 171.

Proof: For each integer z there is a unique integer y,,(x) such that zp —
Ypg(2)q € (—q/2,q/2]. We have

(0)-ror

Xpg ={z € (0,4/2) : xp — ypg(w)q € (—¢/2,0)} N Z.
Note that for all x € X,, ype(x) € (0,p/2). Setting

Ry =A{(z,y) € (0,q/2) x (0,p/2) : ap — yq € (—q/2,0)} N Z*

we have

where

{(@, ypg(2)) 1 @ € Xpg} = Ryg

(0)-r
(0)-ro

Rgp = {(2,y) € (0,p/2) x (0,q/2) : xq — yp € (—p/2,0)} N Z*.

Reversing the coordinates, this has the same size as the set

Rl ={(z,y) € (0,q/2) x (0,p/2) : xp — yq € (0,p/2)} N Z°.

Therefore

Similarly, we have

where
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The regions R, and R;, correspond to the upper and lower intermediate
regions of a rectangular diagram (see Figure 4.1 in the textbook). To de-
termine the relationship between |R,,| and |R; |, first note that there is a
bijection between the integer coordinates in the rectangle (0,¢/2) x (0,p/2)
to itself defined by

qg+1—2z p+1—2y
— (2, y) = .
(@y) = @ y)=(———F——5 )
Under this mapping we have
pP—q
v'p—y'q=—(ap —ya) + ——

Hence zp — qy < —(¢/2) if and only if 2’p —y/'q > p/2. In other words, there
are as many integer coordinates in the top-most region of the associated
diagram as there are integer coordinates in the bottom-most region. Hence
the total number of coordinates in the top and bottom region is an even
number, and the number of coordinates in the entire rectangle is congruent
mod 2 to the number of coordinates in the two intermediate regions, namely
| Rpg| + |R;,|. Hence

(p—1Dg—-1)
4

where the latter number is the number of integer coordinates in the rectangle
(0,q/2) x (0,p/2). This implies

()

A second proof: Let p and ¢ be distinct odd primes. Let S be the set of
all integers = € [1, qu_l] not divisible by p or . We have 1%71 = p% + p%l =

-1, g-1
q%5= + 5=, therefore

| Rpq| + |R’qp] = mod 2,

(2 =1 T 2 B st
1111, = 2, i), = [(p)]”
and
o ([1]61[2](1 g = 1]61)1%1[1]11[2}(1 T [qg_l]q L b
111l = P2 (S, = [<q>]q'
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Write 0(x) = ([z],, [x],). Then

T o) = 1 12 ) -0 1 (2

z€S

For each (a,b) € [p — 1] x [£*] there exists a unique z € [pg — 1] such
that 6(x) = ([a,, [b],) by the Chinese Remainder Theorem. Moreover, ex-
actly one of the two numbers x and pg — x belongs to S. Hence there is
a unique z(a,b) € S and a unique €(a,b) € {—1,1} such that 0(z(a,b)) =
([e(a,b)al,, [e(a, b)b],). This implies

S = {a(ab) : (a,b) € [p— 1] x L=}

2
and o
H 0(x) = ([elp, [€]g) (lalp, [blq)
where
€= H e(a,b).
(a,b)elp—1]x[45]
We have o
[Tl = (-7 =[-1,7
and q_1
=15 )
We have .
a—1 q— 2
1, = = Dl = 0715 )
therefore .
[(q%)ﬂz—l = (=) L[,
Hence
<[—1]Z§1[(]%)Jp, [—1]?[(§)Jq> = ([ [ 127 [(—1) 2 [ 1) e



This implies

(07 (1) (2) = ol

Comparing the products of the two coordinates, this implies

<1%) (S) = (—1)H

Section 5: Jacobi’s Symbol

]
|
—
S
|
-
B
|
—
=
=
S
—
=

Let n be a positive odd integer and let n = p; - - - p. be a factorization into
primes. Then
(%) () @m=1

0 (a,n) > 1.

Properties:

() =G G-

2. When (a,mn) =1, (-%) = (£) (2). (True even when (a,mn) > 1.)

5 (51) - (0

L) = (5

5. If m and n are odd and (m,n) =1, (2) (%) =
") =

6. If a is a quadratic residue mod n then (
a is not a quadratic residue mod n.

—_

(m—l)(n—l)
4 .

1. Hence if ( ) = —1 then

Reasons: (1) by the same property of the Legrende symbol, (2) by prime
factorization, (3) by induction on [(n), (4) by induction on [(n), (5) by in-
duction on I(m) + I(n), where {(m) is the number of primes in the prime
factorization of m, (6) by the lemma and corollary below.

Lemma: Let p be an odd prime. If (a,p) = 1 and a is a quadratic residue
of @ mod p then it is a quadratic residue of p* for all k.

Proof: By induction on k. The base case k = 1 is trivial. Now assume
2

22 = a mod p* has a solution. Write 22 = a + ap®. Set y = = + 8p*. Then
y? = 2?4+ 226p" + B*p* = a + ap® + 228p" mod pFtL.
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We wish to find /5 such that

ap” + 2x8p* = 0 mod p*,
or equivalently
a+ 2z =0 mod p.

There is a solution because (2x,p) = 1.

Corollary: Let n = p{*---p* be a product of odd primes. Let (a,n) = 1.
Then a is a quadratic residue mod n iff a is a quadratic residue mod p; for
1<y <k,

Proof: If 22 = a mod n then 22 = a mod p; for each i. Conversely, suppose
that for each i < k there is an z; such that z? = a mod p;. By the corollary
there is a y; such that y; = a mod p;* for each i < k. By the Chinese
Remainder Theorem, there is a z such that z = y; mod p;* for each . This
implies z? = a mod p{* for each 7, which implies 2? = a mod n.

Section 4.7 Exercises:

(i) (%) = (2) = p? mod 5. Hence we need p = 1,4 mod 5.

(ii) To decide if 2 is a quadratic residue mod p’ we evaluate 2” mod p’. On
the other hand, since p = 3 + 4k, p’ = 7+ 8k, we know that 2 is a quadratic
residue mod p’. Hence 2? = 1 mod p’. Hence 2P — 1 is not prime since it has
proper divisor p’. We have also proved that 2 is primitive mod p’.

(iii) Let g be a primitive root of p. The quadratic residue product is P =

G*gt - gP Tt = gp%Tfl = (¢"7)" = h"* where h = ¢"z . Since h2 = 1,
p+1

h = +1. But h # 1 since g has order p — 1, hence h = —1 and P = (—1) 2

P

(iv) We have <’71> = (—1)%1 = 1 since p = 1 mod 4. Hence —1 is a

quadratic residue. This implies that whenever r is a quadratic residue, so is

—r. There is a one-to-one correspondence between quadratic residues < p/2

and quadratic residues > p/2 viar <> p—r. There are p%l quadratic residues,

every pair of which sums to p. Since there are p%l pairs, the sum of them all
p—1

18 == - p.

(v) Use the properties repeatedly.

(vi) When (d,p) > 1, d = 0 and there is exactly one solution, consistent
with the formula. When (d,p) = 1 and d is not a quadratic residue then
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there are no solutions, which is consistent with the formula. When (d,p) =1
and d is a quadratic residue, then 22 — d has a root r, and we can write
22 —d=(z—r)(z—s)in F,[z]. If r = s then 22 — d = 22 — 2rz + r? hence
r =0, d = 0: contradiction. Hence there are two solutions, consistent with
the formula.

(vii) Since (a,p) = (2,p) = (4,p) = 1, we can divide by a, 2,4 in F,. We have
az® +br +c = (1/a)((ax +b/2)* — d/4),

hence

()= () (=) - () (=)
>(5)- ()= (=) - ()2 (57)

-()2(5)

=1

When d = 0 this evaluates to (9) (p — 1). Now consider d # 0. Since

p
1+ (%) counts the number of solutions to z? — k? = d,

[ ()]

is the size of the set {(a,b) € F,, x F,, : a® —b? = d}. This is in 1:1 correpon-
dence with the set {(u,v) : uv = d/4}, and the size of the latter set is p — 1.

Hence
i <k2 + d)
Z = 1.
k=1 p

(viii) To show that 2 is a primitive root mod p we must show that o(2) = p—1.
We have p — 1 = 2p/, which has divisors 1,2, p’,2p’. Therefore the order of
2 mod p is one of these numbers. We can rule out 1 and 2 since p > 11.
Moreover if 0(2) = p’ then 2% = 1mod p, which implies that 2 is a quadratic
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residue mod p, which contradicts the fact that p = 3 mod 8. Therefore
0(2) =2p' = p—1 and 2 is primitive.

Now 52" = 1 mod p if and only if p = 1,4 mod 5 by problem (i), hence
5% = —1 mod p if and only if p = 2,3 mod 5 if and only if p’ = 1,3 mod
5. For these primes we have o(5) € {1,2,p — 1} mod p. We can rule out
o(5) = 1,2 by a direct inspection of p = 7 and p = 23. The next smallest p
is 47, and the order of 5 in this case is 46.

(ix) If p = 2 then we can easily solve ax + by = ¢ mod 2, hence az?+by? = ¢
mod 2. Now assume that p is an odd prime. We are attempting to show

that (M) =1 for some z. Now if —(a/b)z*+ (c¢/b) = 0 for some x

then 2% = c¢/a, hence (z,0) is a solution to az? + by* = c. Now assume that
—(a/b)x? + (c/b) # 0 for all . Since the discriminant of this polynomial is
4ac/b* # 0, we know by problem (vii) that

r=1

This implies that some —(a/b)z*+ (¢/b) is a quadratic residue, otherwise the
sum would be —p.

Generalized Lagrange Theorem

Theorem: Let f(z1,2,...,2,) € Zy[z1,...,2,] be a polynomial with de-
gree < p — 1 in each variable z;. Assume that f(ai,...,a,) = 0 for all
(a1,...,a,) € Zy. Then all the coefficients of f(x1,...,z,) are equal to zero.

Proof: By induction on n. First consider n = 1. Then f(x;) has roots
0,1,...,p — 1, therefore f(x1) = g(x1) ’i’:_ol(xl — 4) for some polynomial
g(x1). If g(z1) has a non-zero coefficient then we can write g(z1) = g,x{+
terms of lower degree where g, # 0. This implies that f(x;) has degree
> p + a, contrary to hypothesis. Hence g(z1) has all zero coefficients, which
implies that f(x;) has all zero coefficients.

Assume that the statement of the theorem is true for some n > 1. Let
f(z1,...,2,41) be a polynomial that meets the hypothesis of the theorem.

We will show that all the coefficients of f(xy,...,z,41) are equal to zero.
We can write
p—1
flz, .o xpg) = Z filxe, .o wn)ay .
i=0



Fixing a4, ..., a,, the polynomial Zf;ol fila, ..., a,)zl 4 has p roots, hence
each coefficient f;(ay,...,a,) is equal to zero. Now let aq, ..., a, vary and use
the induction hypothesis to show that f;(x1,...,2,) =0for 0 <i<p-—1.

(x) Let f(z1,...,2,) be a polynomial that vanishes only at (0,0,...,0). We
will show that the total degree of f is > n. Note that 1 — fP~! vanishes at
every non-trivial (z1,...,x,) and evaluates to 1 at (0,...,0). So 1 — fP~!is
the same function as h = (1 — 27~ ")--- (1 — 221) from Zy to Zy. Let g be
the polynomial functionally equal to 1 — fP~! by repeatedly replacing every
instance of z¥ with k > pin 1 — f?~! by z¥ ™", The is possible because ="
and x; are functionally equal. Then g — h vanishes on Z; and every variable
has exponent at most p — 1. By the generalized Lagrange theorem (above),
g —h =0, hence g = h, hence has total degree (p — 1)n. This implies that
the total degree of 1 — fP~!is > (p — 1)n, hence the total degree of f is > n.

(xi) A special case of (x).

Chapter 5: Quadratic Forms
Section 5.1: Equivalence

Quadratic form:
f(z,y) = ax® + bay + cy®.

f(v) = o" [672 b/ 2} o.

In matrix form:

C

The discriminant of a quadratic form is d(f) = b? — 4ac. When f(v) = v Fv

we have d(f) = —4det(F). We will say that forms f and ¢ are equiv-
alent if f(v) = g(Uv) for some 2 x 2 integer matrix U with determinant
1 (unimodular matrix). In other words, f = g o U. This is an equiv-

alence relation: f(v) = f(Iv); f(v) = g(Uv) implies f(U ') = g(v);
f(v) = g(U) and g(v) = h(Uyv) implies f(v) = h(UyUyv). Equivalent
forms have the same discriminant: given f(v) = g(Uv) and g(v) = vTGv
we have f(v) = vT(UTGU)v, hence F = UTGU, hence det(F) = det(G).
Equivalent forms produce the same set of output values. Note also that
daf(z,y) = (2ax + by)? — dy?, hence when d < 0 the output values of f are
all <0 when a < 0 and all > 0 when a > 0. Moreover the only zero output
occurs when x =y = 0.

More facts about forms:
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1. If f=ax®+ bxy + cy? then (foU) = f(p,r)z* + bwy + f(q, s)y* where
= {p q}
ros
1 k 0 -1

2. Let U, = [O 1} and V = L O}' If f = ar?+ bry + cy® then

foU, =ax®+ (b+ 2ak)ry + (ak?® + bk + ¢)y* and f oV = cx? — bxy + ay?.

3. Let f be a form with @ > 0 and d < 0 and having minimum positive
output a,,;, using integer inputs. Then we can produce an equivalent form
g = Amint® + -+, To find @, proceed as follows (following Niven and
Zuckerman): Given any output m, check all (z,y) such that f(z,y) < m, i.e.
solve
(2ax + by)? — dy?
<
4a

m.

This requires

which has a finite number of solutions in y. Given y in this range, we hunt
for integers x such that

(2ax + by)? < 4am + dy?,

and there are finitely many values of z to check for each y. Having found
(p,r) such that f(p,7) = amin, the fact that f is homogeneous implies that
ged(p,r) = 1. Hence there exist integers ¢, s such that U = [}; g] has
determinant 1. We set g = foU.

Example: Consider f(x,y) = 3722 + 59xy + 25y?. The discriminant is —219.
Some outputs are {37,37 — 59+ 25,25}, the least of which is m = 3. Solving
y? < 148/219 we have y = 0. Number of non-zero solutions to 4ax? < 4am:
none. So the smallest output is 3 = f(1,—1). We set

g=fo {_11 _32} = 32% + 2Tzy + 799°.

Section 5.2: Reduction

From here on out we are going to consider f(z,y) = ax® + bxy + cy? where
a > 0 and d < 0. This forces ¢ > 0 since b* < 4ac. We will show that every
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such form is equivalent to Az? + Bxy + Cy? where —A < B < A < C or
0 < B<A=C. We call such forms reduced, and we will show that distinct
reduced forms are inequivalent.

Given f(x,y) = ax?® + bry + cy?, let g(x,y) = agr? + bozy + coy? be any
form equivalent to f(x,y) where ay is the minimum positive output of f.
Now choose k so that —ag < by + 2kag < ag (division algorithm applied to
b+ a— 1 and 2a). Then we obtain the equivalent form h(z,y) = apz? +
(bo + 2kag)xy + (agk® + bok + co)y?. Since agk? + bok + ¢ is an output
of h, it is an output of f, hence ag < agk? + bok + co. This is reduced if
ap < apk? + bok + co, and if ay = agk® + bok + co and by + 2kay < 0 then the
equivalent form k(z,y) = agz? — (by + 2kag)xy + apy? is reduced.

Example: We have already shown that f(z,y) = 372% + 592y + 25y has
minimum output 3 and is equivalent to 322 + 27zy + 79y% In order to
subtract 24 from 3 we will compose with U_,. This yields

1

h(z,y) = (32 + 2Tzy + T9y°) o {O

_18} = 32% + 3xy + 1952

We now show that distinct reduced forms are inequivalent. Let f(x,y) =
az? + bry + cy? and g(x,y) = Ax* + Bay + Cy? be reduced quadratic forms
with a, A > 0 and the same discriminant d < 0. We will show that if they
are equivalent then a = A, b = B, and ¢ = C. Since they are equivalent,
they have the same outputs. For 22 > y? > 0 we have

fl@y) > az® — bla® + ey = (a — pl)a® + cy® > ¢
and for y? > 22 > 0 we have
flz,y) > ax® — bly* + cy® = ax® + (¢ — [b))y* > a+c—[b] > c.

We also have
f(z,0) =ax® > a

and
f0,y) =cy’ > ¢

for x,y # 0. Therefore the five smallest outputs of f are 0,a,a,c,c and
similarly the five smallest outputs of g are 0, A, A, C,C'. This implies a = A
and ¢ = C, which implies b = +B since the discriminants are equal. We
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must prove B = —b implies b = B = 0. This is clear if a = ¢ since the forms
are reduced, so we can assume a < c.

Suppose f(z,y) = ax?® + bxy + cy?, g(z,y) = ax? — bxy + cy*, b > 0, a < c,
and f(v) = g(Uv) where U = B‘f ;’ . We wish to show U = I and b = 0.

We must have a > b given —a < |b| < a. If pr # 0 then we have ¢ > a =
f(1,0) = g(p,r) > C = ¢, which is impossible. Therefore p =0 or r = 0. If
gs # 0 then we have ¢ = f(0,1) = g(q,s) > ¢, which is impossible. Given

F =UTGU and
P [ a b/2}

b/2 ¢
and b/
a —b/2
G= {—6/2 c } ’
we obtain

Fe cr?  —(b/2)qr ap®  (=b/2)ps
—b/ar g | |(=b2ps  es® ][
The first possibility contradicts a = ¢. The second possibility implies that
b = —b since ps = 1, hence b = 0.

There are finitely many reduced forms h(d) with a > 0 and d < 0: We have
—a < b<a<c hence b* < ac, hence —d = 4ac — b* > 3ac, |b] <a < c <
—d/3a < —d/3, hence there are finitely many choices for a, b, and c.

Example: 22 + y? is reduced and satisfies d = —4. The equivalent reduced
forms az?® + bxy + cy? satisfy |b| < a < ¢ < 4/3, which forces a = ¢ = 1 and
b= 0. In other words, x? + 3? is the unique reduced form with discriminant
—4.

Note that ¢ = bi—;d. Reducing |b| reduces ¢ when a is unchanged. This leads
to another algorithm for finding reducing a form and for finding a@,,;, given
an arbitrary form with @ > 0 and d < 0: If the form is reduced then a,,;, = a.
If the form is not reduced, then either (1) @ > c or (2) a = c and b > a or
(B)a=candb<0or (4) a<candb>aor (5) a <candb< —a. The
following actions either lower [z?] or identify a reduced form:

(1) @ > ¢ : Apply V, lowering [2?].
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(2) a =cand b > a: We have b > b—2a > —a > —b. Find the largest k > 1
such that b — 2ka > —b, such that |b — 2ka| < |b|, then apply Uy, then apply
V, lowering [2?].

(3) a=cand b < 0: If b > —a then applying V' produces a reduced form.
But if b < —a then b < b+ 2a < a < —b, and there is a largest £ > 1
such that b < b+ 2ka < —b. Apply Uy, then V. Summarizing: Find the
largest k£ > 0 such that |b+ 2ka| < |b|, then apply Uy, then apply V, either
producing a reduced form or lowering [z?].

(4) a < cand b > a: Applying U_; leads to b > b — 2a > —a > —b. Find
the largest value of £ > 1 such that |b — 2ka| < |b|, then apply U_y, then V|
lowering [z?].

(5) a < cand b < —a: Applying U; leads to b+2a < a < —b. Find the largest
k > 1 such that |b + 2ka| < |b|, then apply Uy, then V', either producing a
reduced form or lowering [2%].

Section 5.3: Representations by Binary Forms

Definition: Let a be a natural number. We say that a is properly repre-
sented by the binary form f iff a = f(p,r) for some coprime pair p and r.
For example, if f(z,y) = 372% + 59xy + 25y? then f(4, —3) = 109 hence 109
is properly represented by f.

Theorem: A necessary and sufficient condition that a be properly repre-
sented by a binary form with discriminant d is that b*> = d mod 4a has a
solution. In other words, d is a quadratic residue mod 4a.

Proof: Suppose b?> = d mod 4a. Then b?> — d = 4ac for some c, therefore
b* — 4ac = d. Setting f(x,y) = az® + bry + cy* we have d(f) = d and
a= f(1,0).

Conversely, suppose a = f(p,r) where (p,r) = 1. Then a = ¢(1,0) where
g(v) = f(Uv) and U = B? ﬂ We know that g(z,y) = az?® + bzy + cy? for
some b and ¢, therefore d = d(f) = d(g) = V* — 4ac = b* mod 4a.

Example: we will determine the primes representable as a sum of two squares.
We have 2 = 12+ 12. The odd primes are of the form 4n + 1 and 4n + 3. No
prime of the form 4n + 3 can be represented as a sum of 2 squares, because
the latter is congruent to 0, 1, or 2 mod 4. When p = 1 mod 4, —1 is a
quadratic residue mod p, hence —4 is a quadratic residue mod 4p, hence p
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can be properly represented by a form with discriminant —4, hence by a
reduced form with discriminant —4. Since 2% +y? is the unique reduced form
with discriminant —4, p can be properly represented by z? + y2.

Example: Primes of the form 4n 4+ 3 are 3, 7, 11, 19, ... and primes of the
form 4n + 1 are of the form 5, 13, 17, ... . Setting

fn) ={Vn?—2?:0<x</nf2}
we have
f(3) = {1.73205,1.41421},
F(7) = {2.64575,2.44949},
F(11) = {3.31662, 3.16228, 2.64575},
£(19) = {4.3589,4.24264, 3.87298, 3.16228},
f(5) = {2.23607,2.},
f(13) = {3.60555, 3.4641, 3.},
F(17) = {4.12311, 4., 3.60555}.

Section 5.4: Sums of Two Squares

Necessary Conditions: Suppose z? + y? is divisible by an odd prime p.
Then z? = —y? mod p, hence (y,p) = 1 implies (z/y)> = —1 mod p implies
p = 1 mod 4. Soif p = 3 mod 4 then p|y, which implies p|x, which p?|(z%+1?).
Hence in the prime factorization of 2 + y?, primes = 3 mod 4 occur to even
exponent.

Sufficient Conditions: Suppose n is any arbitrary number with this prop-
erty. Write n = n2pips - - - pg, the p; distinct primes. Then p; = 1 mod 4 (or
p; = 2) for each i, hence r? = —1 mod p; has a solution for each i, hence by
the Chinese remainder theorem > = —1 mod p; - - - p;, has a solution, hence
(2b) = —4 mod 4p; - - - p has a solution, hence p; - - - py is representable by a
binary quadratic form with discriminant —4, hence by a reduced form with
this discriminant, which can only be 22 + 2. So we have p; - - - p, = 22 + 12,
n=mngpr - pr = ng(2* + y*) = (nor)* + (noy)*.

A second proof: Write each p; in the form x? 4+ y? and use the fact that the
set of sums of squares is closed with respect to multiplication:

(2 4+ yi) (@5 + v3) = |21+ yil*|2e + yoi]® = |(21 + ya6) (22 + yoi)|* =
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(2122 — y1y2) + (@192 + T21)i]* = (2122 — y12)* + (21y2 + T211)”.

Example:
1485154 = 2- 117 - 17 - 197 = (17 + 1%)(4* + 1)11°19% = (3% + 5%)11°19* =

6272 + 10452

Section 5.5: Sums of Four Squares
The set of sums of four square integers is closed with respect to multiplication:
using quaternions,

(214a3+a3+37) (YT +y5+y3+yi) = |z —aoi—xsi—xak|ly1+yoitysi+yak]* =

(11 + T2y2 + T3y + Taya) + (T1y2 — Tayr — Taya + Tays)it
(1ys + Tays — Tayy — Taya)j + (T19a — Toys + Ty — Tayr)k]? =
(1Y + Tays + T3ys + Taya)” + (2192 — Tayy — Taya + Tays) +
(21y3 + Tays — T3y1 — 2ay2)” + (T1ys — Tayz + T3> — Tay1)”.

Another derivation: Let z and w be complex numbers. Then

b ¥

has a determinant which is a sum of four squares. The product of two such
matrices has a similar form, and det(AB) = det(A) det(B), hence a product
of two sums of four squares is a sum of four squares.

The numbers 1 and 2 can be expressed as the sum of four squares. If we can
show that every odd prime can be expressed as the sum of four squares, then
every natural number can be.

Observation 1: If n is a sum of four squares and n is even then 7 is a sum of
four squares. This follows from the identity

A+ +E+d? (a+b 2+ a—b 2+ c+d 2+ c—d\*
2 a 2 2 2 2 ’
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grouping together numbers of equal parity.

Observation 2: If
f]’[/ =

(z1y1 + Toys + T3y3 + Tays)” + (21Y2 — Toy1 — T3ys + Tays) +
(1y3 + Toys — T3l — x4y2)2 + (71Yys — 2y3 + T3y2 — x4y1)2

and m?|n and z; = y; mod m for i = 1,2, 3,4 then each of the squares in the
sum is divisible by m?.

Observation 3: If m is odd and mN is an odd sum of four squares and m > 1
then m/N is a sum of four squares for some m’ satisfying 1 < m’ < m. Proof:
write mN = a® + b? + ¢* + d* and choose ay, by, co, dy € (—m /2, m/2] such
that (a,b,c,d) = (ag, b, co,do) mod m. Set n = af + b3 + c2 + d2. Then
n < 4"‘72 = m?. We have n = mN = 0 mod m, hence n = m;m for some m,
satisfying 1 < my; < m. The product n(mN) = (mim)(mN) = m;Nm? is a
sum of four squares, and by Observation 2 each of the squares is divisible by
m?. Hence m; N is a sum of four squares.

Observation 4: If mN is a sum of four squares for some m then N is a sum
of four squares. Proof: construct the sequence m = my > m; > mg > ---
where each m; NV is a sum of four squares, setting m; 1 = 5* when m; is even
as in Observation 1 and constructing m;,; from m; when m; is odd as in
Observation 3. At some point we must have m; = 1.

To prove that an odd prime p is a sum of four squares it suffices to show that
mp is a sum of four squares for some m. A fancy proof: setting f(z,y,2) =
22+ 12+ 2% there is a non-trivial solution to f(z,y,2) = 0 mod p by Exercise
(x), Chapter 4, so there are integers z, y, z, not all congruent 0 mod p, such
that 22 + y* + 22 = mp for some m. A plain proof (which a computer can
find): Let p = 2r + 1 be given. The numbers 0%, 12, ... r? are distinct mod
p, as are the numbers —1 — 02, -1 —1%2,..., -1 — 7% If 0 <i < j < r then
r>j—i>land 1 <i+j<2r—1,hencei— 75 #0and i+ j % 0 mod p,
hence 72 — j2 # 0 mod p, hence 7% # j2. Since there are only 2r + 1 residue
classes, there has to be some overlap in the list: 2?2 = —1 — y? mod p where
0 < z,y <r. This yields 2? 4+ y* + 0> + 12 = mp for some m.

Chapter 5 Exercises:

(i) Using Mathematica, the unique reduced forms with discriminant in the
range —1,—2,...,—200 are:
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d=—3: 22+ a2y + 92
d=—4: 2% +9?

d=—T: 2%+ a2y + 29°
d= —8: x%+ 29>
d=—11: 2% + a2y + 3y?
d=—19: 22 + xy + 5y?
d=—43: 2% + zy + 11y?
d=—67 22+ xy + 17y*
d=—167: 2% + xy + 419

(ii) By Problem (i) the form z? + zy + 5y? is the unique reduced form with
discriminant d = —19. It suffices to determine the odd primes properly
represented by a form with discriminant —19 (the input must be coprime
since the output will be prime). We must determine the odd primes p such
that b> = —19 mod 4p has a solution. Now b*> = —19 mod 4p if and only if
b> = —19 mod 4 and b* = —19 mod p. The first congruence always has a
solution: any odd number b. The equation b*> = —19 mod p has a solution

iff <_719> = 1. Any even solution b yields on odd solution b + 19. Using
the Jacobi symbol and quadratic reciprocity, we have (‘—19> = <_—1> <Q> =

P p)\p
(—1)"z (&) (—1)*7 = 1° mod 19. We have p? = 1 mod 19 when p is
equivalent to 1, 4, 5,6, 7,9, 11, 16, 17 mod 19.

The least primes congruent to one of these are 191 = f(6 5) 23 = f(l 2) 43 =

f(4,3),131 = f(1,5).
(iii) Let n = z* + 2y*>. Let p|n be an odd prime. If (y,p) 1 then

0 = z? + 2y* mod p implies (zy~')> = —2 mod p, hence <_72> = 1,

1 p2— P p
1= (%) (2) = (_1)”7(—1) = = (—1)M hence p =1 or p = 3

p
mod 8. Contrapositive: p|n is congruent to 5 or 7 mod 8 then p|y, hence p|z,

hence p?|n. T will conjecture that the set of integers that can be expressed
in the form 22 + 2y? are those in which its prime divisors congruent to 5 or
7 mod 8 appear with an even exponent. Evidence of this: 1 = 1% 4 2(0?),
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2 =024 2(1%), 3 =12+ 2(1%), 4 = 22 4+ 2(0?), 5 cannot be expressed in the
form 2% + 2y, 6 = 2% + 2(1%), 7 cannot be expressed in the form z?* + 2y2.

Let P(n) be the statement that if n = z? + 2y* then prime divisors of n
congruent to 5 or 7 mod 8 appear with even exponent. Then P(1) is true.
Assume P(1) through P(n—1) are true. Now suppose n = 2242y is possible
and let p|n where p = 5 or p = 7 mod 8. We have seen that p|z and ply,
hence p?|n and we can write n = p?ng where ng = 3 + 2y2. Since P(ny) is
true, so is P(n). Hence P(n) is true for all n > 1.

Conversely, let n be such that prime divisors congruent to 5 or 7 mod 8
appear with even exponent. Write n = ms? where m is square-free. Then m
is a product of distinct primes not congruent to 5 or 7 mod 8. It will suffice
that all such primes p are representable in the form p = :cf, + 2y§, because the
set of integers of the form 2% + 242 is closed with respect to multiplication:

(a® 4 2b%)(A% 4 2B?) = (aA + 20B)? + 2(aB — Ab)*.

This can be derived as follows: Set

M) = | Y.

Then det My(z,y) = 2% — ky?. Given that we have

Mi(x1, y1) Mi(xa, yo) = Mi(x122 + ky1ye, 1Y2 + y122),

after taking determinants we obtain
(27 = ky?) (@3 — ky3) = (1122 + kynye)® — k(z1ys + yia2)*.

The discriminant of z2 + 2y? is —8, and there is just one form with this
discriminant up to equivalence. The prime 2 can be expressed in this form.
Given a prime p congruent to 1 or 3 mod 8, we have seen that 22 = —2
mod p has a solution. The same solution yields (2z)*> = —8 mod 4p. So p
can be expressed in the form x?) + 2y£. Note: we can use an infinite descent
algorithm to express primes equal to 2 or congruent to 1,3 mod 8 in the form
x? + 2y?, adapting Problem 7 in the Problems to Think About for Chapter

D.

(iv) Integers congruent to 0,1,3 mod 4 can be represented this way: 4n =
(n+1)2—(n—-1)%4n+1= (2n+1)>—(2n)* 4n+3 = (2n+2)* — (2n+1)%
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Integers congruent to 2 mod 4 cannot be presented this way: (2a)? — (2b)* =
4(a*—b*)=0and (2a+1)> — (20 + 1)  =4(a®* +a—b*—1) =0.

(v) According to Mathematica, there are two reduced forms with discriminant
—20: 2% + 5% and 222 + 22y + 3y*. Now let p be an odd prime not equal to
5. It is representable by one of these forms iff there is a solution to z? = —20
mod 4p, i.e. an even solution to 22 = —20 mod p, i.e. any solution at all (if an

p—1
2

odd one exists, add p to obtain an even one), iff (—720> =1,iff (=)= p*=1
mod 5 using quadratic reciprocity. Setting p = 4k + 1 yields p = 1,9 mod
20. Setting p = 4k + 3 yields p = 3,7 mod 20. We must show primes of the
form 1 4 20k and 9 + 20k are representable in the form 2% + 5y? and primes
of the form 3+ 20k and 7+ 20k are not. A brute-force calculation shows that
the only values taken on by 222 + 2zy + 3y? mod 20 are 0, 2, 3, 7, 8, 10, 12,
15, 18. So primes congruent to 1 or 9 mod 20 cannot be represented in this
form and must be representable by x2 + 532, Another brute-force calculation
shows that the only values taken on by 22 + 5y mod 20 are 0, 1, 4, 5, 6, 9,
10, 14, 16, so primes congruent to 3 or 7 mod 20 cannot be represented in
this form and must be representable by 222 + 2zy + 312

Examples: The first primes congruent to 1 or 9 mod 20 are 41 = 62+5(1%) and
29 = 3? + 5(2?). The first primes after 101 that are congruent to 3 or 7 mod
20 are 103 = 2(—7)2 + 2(—7)(5) +3(5?) and 107 = 2(—8)2 +2(—8)(3) +3(3?).

(vi) Mathematica: reduced forms with d = —31 are
2 4 zy + 8y?, 22% — xy + 4y, 227 + ay + 4y*

Hence h(—31) = 3.

(vii) It suffices to find the reduced form and calculate a. Applying Uy with
k = —2 we can convert 4z2 + 172y + 20y? to 422 4+ xy + 2y%. Applying V we
can further convert this to this 22% — zy + 4y*. (Check: this is indeed one of
the three reduced forms with discriminant —31.) The smallest output is 2.

(viii) Assuming that the number of representations of a by a form with
discriminant d is equal to the number of disinct solutions to b? = d mod
4a in [0,2a) times the number of automorphs of discriminant d forms (not
proved in the book), it suffices to show that the number of solutions to
2?2 = —4 mod 4n is the same as the number of solutions to 22 = —4 mod
8n, since the discriminant of z? + 3% is —4 and there is one such form up
to equivalence. Since each solution to > = —4 mod 8n is a solution to
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2?2 = —4 mod 4n, it suffices to show that each solution to 2> = —4 mod 4n

is also a solution to 22 = —4 mod 8n. Suppose 22 = —4 mod 4n. Then
n = 2% + y? is possible. Using the closure-under-multiplication formula,
2n = (12 + 13 (2? + ¢?) = (z — y)* + (z + y)?, therefore 22 = —4 mod 8n is
possible.

This solution suggest a bijection: ¢(z,y) = (z—y, z+y). This maps solutions

to n = x® +1? injectively into solutions to 2n = x%+y2. Moreover, if an even

number m satisfies m? = x?+y? then x and y have the same parity, therefore
—y 2

X x : LE2 2 m
p= # and ¢ = —%* are integers, and PP+ ¢ = L+ e == (m/2)?.

Moreover ¢(p,q) = (p — ¢,p + q) = (z,y), so the mapping is surjective.
(ix) Given n = 3" —1 = 2 + 25 +- - - + 2%, each z; € {1,2}. So there is some
non-negative solution to a + b = s where a + b2¥ = n. The larger b is, the

smaller s is. We need to find the maximum value of b such that n — b2F > 0.
This yields b = [n/2"], a = n — b2F =n — [ 5 |2%, s = n — [n/2¥]2% + [n/2"].

Chapter 6: Diophantine Approximation

Introduction: Numbers can be classified as natural, integer, rational, real,
complex. The rationals can be listed out uniquely in a sequence. The complex
numbers cannot, because the reals in [0, 1] cannot by Cantor’s argument. So
there exist irrational numbers. In fact, we can prove 6 is irrational. Algebraic
numbers are complex numbers that are roots to polynomials with integer
coefficients. For example, /2 is algebraic. Since we can list out integer-
coefficient polynomials sequentially, and each has a finite number of roots,
we can list out their roots sequentially. So there exist transcendental (non-
algebraic) numbers. We will prove in this chapter that e is transcendental
and show how to construct other transcendental numbers.

Section 6.1: Dirichlet’s Theorem

Theorem: Let 6 be a real number. Then 6 is irrational if and only if there

exist an infinite number of reduced fractions £ such that |0 — 2| < q%.

Proof: Consider a rational number § = . When £ # 6 we have [0 — £ =

mqb—_qbp‘ > i, and ¢ > b = é > q%. So |6 — L] < q% can only be achieved
for a finite number of values of ¢, namely ¢ < b, which limits p to a finite

number of values.

Consider an irrational number 8. To illustrate the construction we will find
coprime integers p and ¢, 1 < ¢ < 10, such that [gv/2 — p| < & This yields
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lv/2— | < 107 < ¢?. Write kv/2 = ay,+by, for 0 < k < 9, where ay, is an integer
and 0 < by, < 1. Set a;p = 0 and byp = 1. Now write I}, = [k/10, (k + 1)/10)
for 0 < k < 8 and Iy = [9/10,1]. Then the numbers by, by, ..., bjo lie in
the disjoint intervals Iy, I, ..., Iy, and two of these numbers lie in the same
interval. Say that b;,b; € I, where 0 <17 < j < 10. Then we have |b; — b;| <

15- f 7 < 10 then we can write |(] —i)V2 — (a; —a;)| < 2. If j = 10 then
we can write [iv/2 — (1 + a;)] < :=. Mathematica yields

o~

b[k]
0.
0.414214
0.828427
0.242641
0.656854
0.0710678
0.485281
0.899495
0.313708
0.727922
0 1

=

O = = O© 00 ~J U DN O
N

= O 00 O Ol Wi+~ O

We can choose i = 1, j = 6, which yields |5\/_ 7| < i5- Check: 5v2 — 7 ~
0.0710678. So we can use ¢q =5, p=T.

More generally, given § € R and 1 < ) € Z there exist a pair of integers p, q

with 1 < ¢ < @ such that |¢f — p| < 1 . We can assume that p and q are

coprime, dividing through if necessary by (p,q). Hence |0 — ’; | < qQ < ql

Having found 7—’ satisfying this condition, choose any integer ()’ > |9_1§‘. If

0 —p|< 5 then

/
1
o-Ll<=jo-L<ip-L,
q/ !

=
hence ’qi; # £. So there are infinitely many such L.

Section 6.2: Continued Fractions

Let xg,x1,x9,... be a sequence of real numbers with x; > 0 for ¢ > 1.
The associated sequence of continued fractions is [xo], [xo, 21], [z0, 1, 2], - . .
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defined by the recurrence relation [xg] = xy and
[xo, T1, ..., Tp] = o + 1/[21, 22, ..., 2]

for n > 1. The first few terms in the sequence are

1
To, Lo+ —,To+ —,To+ ————F----
X1 X1 o r1+ 172-"-%

Any rational number § where b > 0 can be expressed in the form [zg, 21, .. ., 7,]
for some choice of integers xg,x1,...,2,: by strong induction on b. For
b =1 we have § = [zo] where 7o = a. Now assume for 1 < b < n that
§ = [wo,m1, ..., m] for some choice of integers xg, 21, ..., 7; . Given b = n+1,
write a = gb+r where 0 <r < n. If r = 0 then § = [¢], but if 1 <7 < b then
%z [xo,21,...,xp) and § = q+ 7 =0+ 1/[xo, x1,..., 2] = [b, To, ..., 2]

Example: Consider the sequence of Fibonacci numbers Fy, Fy, Fy, F3, Fy, -+ =
1,1,2,3,5.... For n > 2 we have

F, F, 1+ F,_ F,_ F,_
— ! 2o 142222 =y, 22,
Fn—l Fn—l Fn—l Fn—2
hence ] 5 5 .
-=11, = =I1,1|, = =(1,1,1|, = =|1,1,1.1],....
1 []7 1 [7 ]72 [7 Y ]73 [7 ) ) ]7

Given an irrational number 0, we have 6y = 0 = ag + 1/6; where 6; > 1,
01 = ay + 1/65 there Oy > 1, 05 = ag + 1/63 where 03 > 1, etc via a,, = [0,]
and 60,1 = 1/{6,} for all n. This gives rise to the continued fractions

1
0 = —
a0+91

1
6:a0+ 1

al—i—@

1

(QICLO—'—
a1

1
0«2"!‘@

etc. Hence for all n we have

9 = [ao,al, e ,an_l,én].
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Example: we have

1

V241
1

V241

V2=14+(WV2-1) =1+

V241=24(V2-1)=2+

hence
V2 =11,2,2,...,2,0,]
for all n > 1.
Terminology: The numbers ag, aq, ... are the partial quotients of 8, the num-
bers 0y, 0, . .. are the complete quotients of #, and the numbers [ag, a1, . . ., a,]

are the convergents of 6.
Theorem: lim,, .. [ag, a1, ..,a,] = 0 when 6 is irrational.

Proof: For each n > 0 let (p,,q,) be the coprime pair with ¢, > 0 that

satisfies
Pn 1

dn
For each n > 1 let (p!,, ¢/,) be the coprime pair with ¢/, > 0 that satisfies

ap, Ay, ... ,an].

p/
q—:L = [(1,1,&2, N ,an+1].
n

We can check directly that py = ag, g0 = 1, p1 = apay + 1, ¢ = a;. Hence
propo| _ |ao 1} fap 1
q1 9o 1 0 1 0 ’

Pn T _ aoPy_1 + o1
— =ap+ - 7
q’n pn—l pn—l

for n > 2, we also have
n  Pn-—1 — ) 1 p%,1 p%*Z
dn 4n—1 1 0 qul q’;L*Q .

o4

Given




Hence we can prove by induction that

npn—l_aol allu.an]-
n Gu-1| |1 0|1 O 1 0

Taking determinants, this yields

Pn DPn-1 n+1
= (—1)"*,
qn  Gn-1 ( )
This implies
Pn Pna| 1
qn gn—1 Gn—19n

The matrix identity implies
n  Pn-1 — Pn—-1 Pn—2 G, 1
dn 4n-1 qn—-1 Gn-2 1 0’

Dn = ApPn-1 + Pn—2

hence

and
On = GnGn-1+ Gn—2-

Since ¢, — oo, this implies

. Pn Pn-
lim |[— — =0.
n—=0o0 | 4n qn—1
If we can show that » »
Fontl >0 > £2n
qon+1 d2n
for all n, then this limit implies that f}i — 0.
Let zg, 1, T2,... with 2; > 0 for all ¢ > 1. Let x; denote a quantity larger
than z;. We can prove by induction on n that [zg,...,z3,] > [%o, ..., To,]
and [zo,...,23,,1] < [%o,...,Tan41]. Given that 6, > a, for all n, we have
Poni1 P2
La g [ao,...,a2n+1] > [ao,...,02n+1] =0 = [ao,...,egn] > [ao,...,agn] ==
qon+1 d2n
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Example: Applying this to v/2 = [1,2,2,...] we have p, = 2p,_; + pn_2 and
Gn = 2qn_1 + qn_o for n > 2 with py = 1, p1 =3, ¢o = 1, ¢ = 2. This yields
the sequence of fractions

17 41 2 1 11
1§z_7_@£577 393 3363 8 9—>\/§

Example: Setting a; = 1 for all ¢ yields p; = F;1; and ¢; = F; for all i« > 0.
Given that

An+1 DPn
for all n, in the limit we obtain § = 141/6. This implies § = %5 Therefore

lim = )
n—oo F, 2

Section 6.3: Rational Approximations

We can extract a lot of information from the proof above about the conver-
gents 2 = [ag, . ..,a,] to an irrational 6:

1. The sequence of differences | — g—:| is strictly decreasing. To see this, note
that the recurrence relation

Pn+1 = xn+1pn + P
and

Qnt1 = Tpp1@Qn + Qn_1

holds for any arbitrary sequence g, x1, Zo, . . . satisfying ; > 0 for ¢ > 1 and
P,/Q; = [xo,x1,...x;] for all i with Py = 29 and Qo = 1. Setting z; = a; for
0<i<nand x,;; =6, we obtain

9 — 0 T Y 2 o
_[GO;ala'--:am n+1]_Q+1_0+1q +q 1'

Substituting this into ¢,0 — p,, and simplifying the numerator using

|ann—1 _pn—1Qn| =1
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we obtain

1
Gl — pn| = 77—
| | en-i-lCIn + Gn—1

Given that
9n+IQn + Gn—-1 > Qqn + dn—1 = (an + 1)(]7171 + qn—2 > enqnfl + dn—2,
this implies
|Qn+19 - pn+1| < |Qn9 - pn|v

hence
An

dn+1

_Pn
Gn

‘9— Prn+1

gn+1

2. Given a,11 = [0n41] and ¢,—1 < gn, we have

Apr1qn < 0n+1Qn + Gn—1 < (an—i—l + 1)% + dn = (a'n-l—l + 2)Qn
This yields
1 Dn 1
(an-i-l + 2)%21 an an-l-lng’
which provides an alternative proof of Dirichlet’s theorem.

<

3. Infinitely many convergents 2—" satisfy |0 — f]ﬁ| < %. To see this, use the

fact that 222+l > § > P2n gpd ”ﬁ — Do) — L ¢4 obtain
Q2n+1 q2n dn dn—1 qdn—19n
1 1 1
‘G_@+’9_p2n+1 _P2n+1_@_ <t .
Gon Gon+1 Qon+1  Gon Gnonyl 243, 245,41
So either
P _ 1
don 2q§n
or .
‘ o — Pon+1 < — ‘
d2n+1 26]2n+1

4. Every rational number p/q satisfying |§ —p/q| < 1/24* is a convergent to 6:
We must have ¢, < ¢ < ¢,+1 for some n. Given that the matrix []; el z ”}
n+1 n

has determinant (—1)", we can find integers u and v such that

o= -
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Since
an S UGn+1 + vy < n+1,

v # 0 and u and v have opposite signs. Given that ¢,,160 — p,+1 and ¢,0 — p,
are also of opposite signs, we obtain

|¢0—p| = |u(@ni10—Pn+1)+0(@n0—pn)| = |u||@ns10—Dns1|+|v]|gn0—Dn| > |g.0—Dn.

Therefore
‘p—qn—qpn :‘8_& S‘G_E‘_F’e_& —
qqn q q In
1 1 1 1 q+qn
—|qe—p|+—|qne—pn|s(-+—) go—pl <l o1y
q In q Gn 49 29 ~ qqn

This forces pg, — qpn = 0, p/q = Pn/Gn-

5. We can actually show that infinitely many convergents satisfy [0 —p,/q,| <
1/4/5¢%. Suppose that there are three consecutive convergents

pn/an pn—l—l/Qn—‘rh pn+2/Qn+2

that satisfy |0 — p/q| > ¢/q>. We will show that ¢ < 1/4/5. Adding them in
pairs as #3 above we obtain

& c n n 1
gwuy—gk—3-+k—p+1§
dn  dpt1 dn n+1 Gnn+1
and .
c c n n
R S'8_29+1+‘0_10+2 < .
Ani1 Gna2 Qn+1 dn+-2 An4-19n+2
Rearranging, we obtain
At 1 < 1
AT c
and
1 1
pt =< =
w o c

where A = ¢,,41/¢, and 1t = ¢u12/¢ny1- This implies
A<, u<,

where
14++/1—4c2

2c

xr =
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Given that ¢,12 = ani2Gns1 + ¢u we have g = a0 + 1/A > 1+ 1/, This
yields

1 1
1+-<1+-<pu<uzx,
T A

r+1<2%

This forces

L Lt V5 '
- 2
In fact, the inequality is strict because equality implies p is irrational. Given

that z satisfies cx? — x + ¢ = 0, we have

x
c= )
241

This is a decreasing function for x > 1, so

1+v5 1

c< —2 =

()1 7

1

In summary, when ¢ > 7 at least one of three consecutive convergents

always satisfies |§ — p/q| < ¢/q?, hence infinitely many of them do. This is

best possible: when ¢ < \/Lg and 6 = ”2‘/‘?’, only finitely many convergents
pr/qr satisty |0 — p/q| < ¢/q* and none of the non-convergents do. This is

Hurwitz’s Theorem, proved via Liouville’s Theorem (Section 6.5).
Section 6.4: Quadratic Irrationals

A quadratic irrational is an irrational solution to az? 4+ bx + ¢ = 0 where
a, b, c are integers.

Theorem: Let 6 be an irrational number, and let ag,aq,... be the cor-
responding sequence of partial quotients. Then 6 is a quadratic irrational
if and only if its partial quotients are ultimately periodic, i.e. there exists
m > 1 and N such that n > N implies a, = @y 1m = Qniom = -

Proof: First suppose that the partial quotients are purely periodic, i.e.
Gy = Gpim = Qpiom = --- for all N > 0. We can assume without loss of
generality that m > 2. Given that 0,, = ag + 1/011, Opmi1 = a1 + 1/64, ...,
6., has the same convergents as 6, hence is equal to 6. This implies

0 = lag,a1,...,am-1,0],
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which implies
0 = epmfl + Pm—2
Hmel + qm—2 ’
hence 6 is the root of a quadratic equation.
More generally, assume that a, = a,1p, = --- for n > N. We can assume
N > 2. Then
0 =lag,...,an—1,]

where 1 is purely periodic. Then

0 — Ypn_1 + PNn_2
Yan-1 + gn—2’

and since 1 has the form r + /s where r, s € Q, so does 6.

Conversely, let 8 be an irrational solution to az? + bx + ¢ = 0. Define
f(z,y) = ar?+bry+cy? and, for n > 1, the equivalent binary form f,(z,y) =
anx? + bywy + c,y? where

fu(v) = [(Vav)

and
Vn — |:pn pn—1:| )
qn dn-1

Given

_ Ony1pn + P

© bns1n + G
and

fa(@,y) = f(Pa + Pr1y, ¢a + qn1y),

we have

fn(enJrla 1) = f(e(QnenJrl =+ anl)a €n+1Qn + anl) =
(9n+1Qn + Qn71)2f<07 1) = 0.
Hence 6,4, is a root of a,x? + b,z +c, = 0. If we can show that there finitely
many triples (a,, b,, ¢,) then there must be a finite number of possibilities for
6,,. So at some point we have 0y, = 0, which implies ultimate periodicity
in the sequence ag, ay, as, ... by virtue of its definition.

We have ap = fn(l,O) = f(pnaQn)a Cp = fn(()» 1) = f(pn—1;Qn—1) = Gp—1, and
f(0,1) =0. We also have

an = f(Pn: ) = Gf ()@, 1) = G (F(pn/an. 1) — f(0,1)) =
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qu(a((pn/Qn)Q - 02) + b((pn/Qn) - 0))
The inequality
10 = pu/anl < 1/3;

implies
q20° — p2 /2| = |gnd — pull@nd + pul < 10+ pa/gn] < 3|0

for sufficiently large n. Hence |a,| < M for some M. In other words, there
are finitely many values for a,. Since ¢, and b, are determined by a, and
the common discriminant d, there are a finite number of triples (ay, by, ¢,).

We now characterize the purely periodic quadratic irrationals in terms of
continued fractions. If 6 is purely periodic then it satisfies

9 = [ao, ai, ... ,am_l,Q]

for some m, therefore
0 = epmfl + Pm—2
Hmel + qm—2 ’
therefore 6 is a root of f(7) = ¢n_12% 4+ (Gm-2 — Pm-1)T — Pm_2. We have
0 = ap+1/6, > 1. The other root ¢’ lies between —1 and 0 by the intermediate
value theorem since f(—1) = ¢m-1 — Gm-2 + Pm-1 — Pm—2 > 0 and f(0) =
—Pm—2 < 0.

Conversely, let 6§ be a quadratic irrational that satisfies § > 1 and —1 <
0" < 0, where @' denotes the other root of the quadratic that 6 satisfies.
Setting 0y = 6§ we have —1 < (6y)" < 0. Now assume —1 < (6,)’ < 0. Then
0, = an+1/0,.1, hence (6,,) = a,+1/(0,41), hence —1 < a,+1/(0,41) <0,
hence

Therefore —1 < (6,,) < 0 for all n. We also have

1
(Hn—i-l),’

hence, after computing the floor of each expression,

7l
a, = Y
n+1
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for each n. Since 6 is ultimately periodic with some period m > 1, there is
a minimum value of n such that ax = agy,, for all k > n. If n > 1 we have
0, = Opim, therefore (0,,) = (0,,4,), therefore a,,_1 = a,+,-1. Contradiction.
Therefore n = 0 and 6 is purely periodic.

Now consider § = v/d + [V/d] where d is not a perfect square. Then ' =
—Vd + [\/c_l], therefore —1 < 6 < 0, therefore 6 is purely periodic. If

Vd + [Vd] = [ag, ar, - ap-i)

then

Vid = [ag — [Vd), a1, y).

For example, if § = v/2 + 1 then

1
0=2+
b= —\3i1-90
V2 -1
hence
V24+1=1[2,22...]
and

V2=1[1,2,2...].

Section 6.5: Liouville’s Theorem

We know that when 6 is irrational and |6 — p/q| < 1/2¢* for some rational
number p/q, p/q = pn/qn, for some n. Hence if p/q is not a convergent then
|0 — p/q| > 1/2¢*. Moreover, we proved earlier that

1

)
(an +2)g?2

an

for all n. When @ is a quadratic irrational the sequence of partial quotients
o, ay, ... is bounded, so a number ¢ > 0 can be found so that |0 — p,/q,| >
¢/q? for all convergents p,/q,. In summary, a quadratic irrational 0 satisfies
0 — p/q| > ¢/q¢* for all rational p/q and some ¢ > 0. Quadratic irrational
numbers fall into a class of numbers called algebraic numbers, and Liouville’s
theorem states that for any algebraic number o with minimal polynomial of
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degree n > 1 there exists a number sufficiently small real number ¢ > 0 such
that |a — p/q| > ¢/q" for all rationals p/q. We will define algebraic number
carefully, then prove Liouville’s theorem.

A real or complex number « is said to be algebraic if it is a zero of a non-zero
polynomial P(z) with integer coefficients. We can always assume that the
coefficients of P(z) do not have a common divisor. If P(z) and Q(z) are
reduced polynomials of least degree n such that P(«a) = Q(«) = 0 then for
any integers a and b we see that « is a root of aP(z)—bQ(z). We can choose a
coprime pair a and b so that aP(z) —bQ(x) has smaller degree than n, which
forces aP(z) = bQ(x). If p is a prime dividing b then, since p cannot divide
all the coefficients of P(z), p divides a. Since (a,b) = 1, this forces |b| = 1,
and similarly |a| = 1. If we further assume that P(z) and Q(x) have positive
leading coefficient then we must have P(z) = Q(x). In other words, there
is a unique reduced polynomial P(x) of minimal degree and positive leading
coefficient such that P(a) = 0, and we call P(x) the minimal polynomial of
a. For example, the quadratic irrational rational v/2 has minimal polynomial
P(z) = 2? — 2 and we can see that /2 is an algebraic number. Note also
that rational numbers p/q are algebraic with minimal polynomial gz — p, but
the degree of the minimal polynomial in this case is 1.

Minimal polynomials are irreducible over the rationals: If P(x) is the minimal
polynomial of a then P(x) = f(x)g(z) implies f(a) or g(a) = 0. We can
multiply f(x) and g(x) by a suitable integers to obtain reduced polynomials
F(x) and G(x) with positive leading term satisfying F'(a) = 0 or G(«) = 0,
and minimality of P(x) implies that P(z) = F(z) or P(z) = G(z). Hence
f(z) or g(x) is a scalar multiple of P(x), which implies P(z) is irreducible.

For the purposes of presenting this material rapidly in a lecture, we can say
that « is algebraic if and only if it is the root of a non-zero polynomial with

rational coefficients. The minimal polynomial P(x) is the unique polynomial
of minimal degree and leading coefficient 1 and must be irreducible in Q[z].

To prove Liouville’s theorem, let a be a real algebraic number with minimal
polynomial P(x) of degree n > 1. Let r = p/q be given where ¢ > 0. Then
by the mean-value theorem,

P(a) = P(r) = (o = r)P'(&)
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for some &, € (a,r). We have P(a) = 0 and, since P(x) is irreducible of
degree > 2 over the rationals, P(r) # 0. This implies P’({,) # 0. We have

P(r)
P(&)

Choosing a positive integer M so that M P(x) has integer coefficients, ¢" M P(p/q)
is a non-zero integer, hence |P(r)| > 1/Mq"™. Hence

|a—r|:\

1
o —p/q| > W

For |a — p/q| <1 have |&| < | —a]+ |a] < |r—a|+ |a] <1+ |a|, hence
we can find C' > 1 such that |P'(&,.)| < C, which implies

la—p/ql > MO

The latter inequality is also satisfied when |a —p/q| > 1.
For example, consider a = %ﬁ Its minimal polynomial is P(z) = 22—z —1.
We have

1
a—=p/q| 2 S
o= r/dl 126 — 1

for some & between o and p/q. As p/q — a, & — a, hence 26, — 1| — /5.

When |a — p/q| < ¢ /¢* for some ¢ < 1/+/5 we know that p/q = pi/qx for
some k, which implies

1

dlat > la—pr/ar] > 5,
g a?|2& — 1|

which implies
1
/

d>—
1285, — 1]
which implies

|2§/€_1| > 1/C,> \/37

which can only happen for a finite number of k. So for all rational numbers
except a finite number of convergents of the form py/qx, o — p/q| > ¢ /q¢?
when ¢ < 1/ /5. This proves Hurwitz’s theorem.
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Liouville’s theorem says that algebraic numbers a of degree d > 2 are sep-
arated from rational numbers in the sense that ¢?|a — p/q| > ¢ > 0 for
every rational p/q. So if « is a real number for which there exists a sequence
p1/q1, P2/, - - - such that ¢l — p,/q,| — 0 as n — oo then for any d > 2
we have (eventually)

@t — pu/an| < @i — pu/an| — 0,

hence « is not algebraic of any degree d (i.e. transcendental). We can replace
the expression ¢7 by f(n) where ¢¢ < f(n) for any d > 2 and sufficiently
large n, for example f(n) = ¢2"™ where g(n) — oco.

Example: Let r € (0,1) be a rational number. Set 6 = > 72 r¥®). We will
choose r and (k) € Z so that 6 is a transcendental convergent infinite series.
The partial sums s, = ZZZO (%) are rational and we set p, /Gn = Sn. We
have

O —pufgn =Y r'® =pprh N e,
k=n+1 k=n+1

Assuming ¥(n +1i) —1(n+ 1) > i for all i > 1 we have
AN " ()
- 0 —pn/qn| = T — 0.
(T> 16— pn/n k:§n+17“

For example, if 7 = 1/2 and ¢(n+1) = (n+1)! then we can set ¢, = 2" and
Pn = QnSn (verify that p, is an integer), and we have ¢ < 2¥("*1) therefore

4n|0 — pu/qn| — 0.

This yields the transcendental number
=1
k=0

A proof that e is transcendental: The proof begins with the observation that
for any differentiable function f, if we set I(¢, f) = €' fot e *f(z) dx, then
integration by parts yields

I(t, f) = €' f(0) = f(t) + I(t, [).
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When f(x) is a polynomial, this yields

It f) =€) fO0) =) fO)

J=0 J=0

where the index j is bounded above by the degree of f(x). Now suppose e is
algebraic. Then there exist integers ag, a1, . .., a,, coefficients of the minimal
polynomial of e, that satisfy

ag+ are + -+ aye, = 0.

This yields

aol(0, ) + arI(L, f) + -+ and(n, f) ==Y > apfO(k).

k=0 j>0

The right-hand side can be evaluated given information about the coefficients
of f(x), and the left-hand side can be approximated using properties of the
definite integral. The idea is to choose f(x) to yield a contradiction.

Details: consider the polynomial
fl@)=a" a =1 (z—n)

where p > n is prime. We claim that all the expressions f) (k) are divisible
by p! for 7 > 0 and 0 < k < n except f®=1(0), and the latter is divisible
by (p — 1)! and not p. To see this, note that for 1 < k& < n the polynomial
f(x + k) is divisible by zP. Since the coefficient of 27 in f(x + k) is %,
fO(k) =0 for j < p and fU(k) is a multiple of j! for 5 > p. Since the
coefficient of 27 in f(x) is w, f9(0) =0 for j < p—1and f9(0) is a
multiple of j! for j > p — 1. The coefficient of zP~1 in f(x) is (—=1)""(n!)?,
hence fP~D(0) = (p — 1)!(=1)"P(n!)? is a multiple of (p — 1)! that is not
divisible by p.

Let f(z) denote the polynomial

fx) =2z + 1P (x4+n)P.

Then f(k) < (2n)*™ for each 0 < k < n.
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We return to the identity

n

aol(0, f) + arI(L, f) + -+ and(n, f) = = > > anf9 (k).

k=0 ;>0

Since ay # 0, and given the information we have about f(x) above, the
right-hand side in this identity is a non-zero multiple of (p — 1)!. This yields

|aol[1(0, F)] + laa[L(L, A)I + - + [anl[I(n, /)| = (p = D).

On the other hand,

|I(t, f)| = et/o e " f(x) dx Set/o e " f(z) dx.

t t
/ e ) dx §/ o) <t
0 0

1(t, )| < te' f(2).

Combined with the inequalities above this implies

Since

we have

(lai]e + 2|ag|e* + - - - + nla,|e™)(2n)*™? > (p — 1)\.
So there exist integers a, k > 0 such that
ak? > (p —1)!
for all primes p > n. This is impossible: for p > k + 2,
(p—I) =k(kE+1)---(p—1) >kl (k+ 1P+

— 1! ! p
. (p—1)! < k! E+1 7
=T T kr R\ k

and (k—zl)p — 00 as p — Q.

Section 6.7: Minkowski’s Theorem

Given a bounded region X C R" we define

vol(X) = / 1 dxydzy - - - dxy,.
b
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Given an n X n matrix A, we have
vol(AX) = |det(A)|vol(X)

by the change-of-variables theorem.

Let ay,as, ..., a, be a basis for R”. These vectors define an integer lattice A
via

A = spang(ay, as, ..., a,).
In other words, A consists of all vectors of the form Au where A is the

matrix whose columns are aq, as, . . ., a, and u is a column vector with integer
coordinates. The parameter d(A) denotes the determinant of A.

A symmetric convex body S C R™ is an open, bounded set that satisfies
three properties: 0 € S, x € S implies —x € S, and z,y € Sand 0 <t < 1
implies tx + (1 —t)y € S.

Minkowski’s theorem states that if vol(S) > 2"d(A) then S contains a non-
zero point in A. For the proof, set Sy = A™1S. Then Sy is a convex body
with vol(Sp) > 2", and it suffices to find a non-zero point integral point in
So. Let S = %S(]. Then S; is a symmetric convex body with vol(S;) > 1. A
partition of Sy is |, S1(u), where

Sl(u):{:vesl:uigxi<ui+1for1§i§n}.

Note that S;(u) —u has the same volume as Sy (u) for each v and Sy (u) —u C
[0, 1]™. Since
Zvol(Sl(u) —u)>1
and
vol([0,1]") =1,

there must be distinct integral points u, v such that

(S1(u) = u) N (Si(v) —v) # 0.

Let z be an element in the intersection. Then z = x — u for some z € Sy (u)
and z = y — v for some y € Si(v). So we have z = 1 X —wand z = JY — v
for some X,Y € Sy;. Writing Y = —Y’ we have Y’ € S;. So now we have

1 1
X —-u=z=—-—=Y"—u,
2 2
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1 1
X+ Y =u—nw.

2 2
By convexity, %X + %Y’ € ), and this is a non-trivial integral point in R".
In summary, if a convex body S is symmetric about the origin and has volume
greater than 2" times the determinant defining a lattice, then it contains a
non-trivial point in the lattice. In particular, if A;--- )\, > det(A) then for
m =1,2,3,... there is a non-zero u,, € Z" such that

Au € (A1, A1) X - X (=X, — 1/m, Ay +1/m).

Inspecting the sequence ui,us,us,... we see that there are only a finite
number of distinct terms, so one of them, call it u, satisfies

Au € (—)\1,>\1) X X [—)\n,)\n]

Example 1: Let 64, ...,0, be real numbers and define
(1 0 - 0 0]
0O 1 -~ 0 0
A= =y
o 0 -~ 1 0
00 0y - 0, —1]

M =0,...;,\, = Q, \yyr1 = Q™. Then there exist integers ¢1, ¢, ..., qn, D,
not all zero (the coordinates of u), such that |¢|,...,|¢.| < @ and

Example 2: Let 64,...,60, be real numbers and define
—1 0 0 6]
0 -1 0 6,
A= : :
0 O -1 6,
00 0 1]
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M =1/Q,...., \y =1/Q, \yr1 = Q". Then there exist integers py, pa, - . ., Pn, ¢,
not all zero (the coordinates of u), such that

961 — pul, [gb2 — pal, -, [g0n — pu| < 1/Q
and |¢| < Q™. For further results, see Cassels’ An Introduction to the Geom-
etry of Numbers.
Chapter 6 Exercises

1. Write @ = [1,2,3,1,4]. Then @ is a quadratic irrational. We first determine
¢ = [1,4]. We have
¢ = [1’ 47 ¢:|.

Writing the convergents to [ag, a1, as] we have

pgpl_aolallagl_lllll¢1_1—|—5gb5
¢ q@| |1 0[|1 Oof[1 of |1 0|1 O[|1 O] |1+4+4¢ 4 |°
Hence

p2_1+5¢

e
¢e{%<1—ﬁ),%(1+\/§)}.

Since ag = 1 we must have

1
Now we can write § = [1,2,3,¢]. Writing the convergents to [ag, a1, as, as]
we have
pgpgiaolallagl&glill2131¢17
g q2| |1 0|1 0|1 O]|1 Of (1 Of|1 Ol O]|1 Of
3+106 10
2479 T |’

Hence

D3 3+10§b 2
g="= = == (-18+V2).
q3 2+ 79 23( +\/_>
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Mathematica yields

2
ContinuedFraction [—2—3 (—18 n \/5) ,10} —{1,2,3,1,4,1,4,1,4,1}.

(i) Using the program myContinuedFraction which I wrote in Mathematica,
the continued fraction representing 3.1415926 is [3,7,15,1,243,---]. Apply-

ing myConvergents to this yields the list {3,22/7,333/106, 355/113, 86598 /27565, . . .

So |3.1415926 — 355/113| < . This implies

1
243(113)2

1
Im—355/113| < |7—3.1415926|+|3.1415926—355/113| < 10 "+———— < 107°.

243(113)?

(iii) We have 0 = “*T‘/m =la,a,...], 0 = “_T*/m. This yields the recur-
rence relation
G0=1 ¢ =0a, ¢=0ag1+ g2 (n>2),
the solution to which is
= ()" + ()
for a suitable o and 3. Using the initial conditions we obtain

S B S S
a?+4 00" Va214 60-0"

We obtain the Fibonacci sequence when a = 1.
(iv) The recurrence relation in (iii) suggests that a floor for g, is given by the

n—1
Fibonacci numbers Fy, Fy, F,.... So we must argue F,, > (%) . This

is true for n = 0 and n = 1. Assuming it true for Fj through F;,, we have

s <1+\/5>n_ . <1+\/5)n_ _ <1+\/5>n
2 2 2

since the number x = %5 satisfies 271 + 272 = 1. On the other hand, if
a, < a for all n then the recurrence relation in (iii) says that ¢, < @, where

71

}.



@, is the solution to the recurrence relation in (iii). The latter sequence
satisfies @), < (‘”— ”;2+4> for n = 0 and n = 1. Assuming this is true for Q)
through @,,, we have

n+1
Qn+1 = aQn"‘anl <a

o+ vaZ+4\" (a+vaTa\"  [(a+VaZid
e )T\ T\

a+\/ 2

since x = 4 gatisfies ax +1 =z

We want
an+2)'

(v) We will ﬁrst look at convergents. We have |e — 22| > (aT

for an appropriate ¢ > 0. In other words, ¢, > e

to show m > logq
This is clear because ¢, grows exponentially by (iv) and a, is bounded by
a linear function. Now if some |e — p/q| < ¢/q¢*logq then it must be a
convergent (choosing ¢ sufficiently small), and this is not possible.

(vi) Thue-Siegel-Roth says that algebraic numbers « of degree d > 2 are
separated from rational numbers in the sense that ¢"|a — p/q| > c¢(a, k) > 0
for every rational p/q for any given k > 2. So if « is a real number for which
there exists a sequence P1/q1,P2/q2, - - such that f(n)la — p,/q,| — 0 as
n — oo where q" = O(1) for some x > 2 then we have

dile = pnfal = 5 F)le = pufgal =0,

hence « is transcendental.

Now set av = > 20:1 % where a > 2 and b > 3 are integers. This is convergent
a
by comparison with the geometric series. Set

n

N 1
byl

qn 1
We have
0 )
Py 1 1 1
o — — = _— = — _—
E bk pntl § bk _pnt1
a
T S e k=nt1
o0
bn+1 pn o 1
a |Oé — q— = E il — 0.
n k=n+1
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(The sum on the right approaches 0 as n — o0 by comparison with the tails
of the geometric series.) Setting ¢, = a®" and f(n) = " we have

a,

f(n)
Hence « is transcendental using x = b.
(vii) Minkoski’s theorem says that if vol(S) > 4|A| then S will contain a
point of the lattice. Setting S = {(z,y) : |z| + |y| < +/2|A|} we obtain a
square with vertices at (0, £+4/2|A|) and (£/2|A[,0) with area 4|A|, so L
and M can be found. The point (|L|,|M]) lives in a rectangle inside the
region bounded by the x-axis, the y-axis, and the line y = 1/2|A| — z, hence
|LM]| is the bounded above by the maximum inscribed area. The latter is

Y 2|A Y 2|A ), which has

=1.

generated by the square corresponding to the point (¥5—
\A\

area
(viii) Construct a counterexample using the parameters given.

(ix) I'd like to see a proof of Kronecker’s Theorem first!

Chapter 7: Quadratic Fields
Vector space and field: Let d be a square-free integer other than 1. Then

Q(Vd) = {u+vVd:u,veQ}.

This is a vector space over Q with basis {1,v/d}. It is also a field: one can
check closure with respect to addition and multiplication and the existence
of additive inverses. Moreover, since v/d is irrational, u + vvd € Q(v/d)*
implies u? — v%d # 0 implies (u + vVd)™' = % — =2 —/d € Q(Vd).
Since Q(v/d) has dimension 2 over the rationals, every a € Q(V/d) its the
root of a non-zero rational polynomial of degree 2, hence is algebraic.

Linear Operator and norm: For each a € Q(v/d) we obtain a linear
operator Ly : Q(vd) — Q(v/d) via Lo (8) = af. Now set a = u+vv/d. Then
L, (1) = u+vv/d and LU+M(\/E) = dv+un/d, hence L,,, 7 has matrix
representation {g CZ) . The norm of u+ vv/d is the determinant of L. i
hence N(u + vvd) = u® — dv?. Since LoLs = Lag, N(a)N(B) = N(af).
This yields the identity

( dU1)(U2 d“2) (wug + U1UQd)2 — d(uyve + Uzv1)2-
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Note also that N(a) = a@ where @ is the conjugate of «.

Algebraic integer: A number whose minimal polynomial (rational poly-
nomial of least degree with leading coefficient 1) has integer coefficients.

Degree 1 algebraic integer: minimal polynomial x — k for some k € Z,
hence ordinary integers.

Degree 2 algebraic integers: Let 2 = u + vy/d be an algebraic integer
with v # 0. We can find a rational polynomial satisfied by x as follows:
Using L, as above we have

b oL - A
et R

T —Uu —dv] _0

Hence

2® = 2zu + (v — dv?) :det[
—v  T—u

Hence the minimal polynomial is x? — 2ux + (u? — dv?). Since z is algebraic,
2u € Z and N(z) = u? — dv®> € Z. Conversely, any x having this minimal
polynomial is an algebraic integer.

Characterization of degree 2 algebraic integers:
Write 2u = m, u?> — dv? =n, v = p/q where (p,q) = 1. Then

u? —dv® =n

4u? — 4dv* = 4n
m? — 4dv? = 4n
¢@*m? — 4dp* = 4ng?
¢*(m* — 4n) = (2p)*d.

Since d is square-free, we must have ¢*|(2p)2, hence ¢|2p, hence ¢ € {1,2}.
We will write 2v = k. We now have m? — dk? = 4n, hence m? = dk? mod 4.

Bearing in mind that m?2, k2 = 0,1 mod 4, consider the cases:

d = 0 mod 4: Not possible since d is square-free.
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d =1 mod 4: m? = k? mod 4, hence m and k have the same parity. Writing
m = k + 2p, we have

k+2p
2

1++vd
>

Tr =

k
+§\/C_l:p+k’

d = 2 mod 4: m? = 2k? mod 4, therefore m and k are even, u and v are
integers, and
z=u+vVd

d = 3 mod 4: m?
integers, and

3k? mod 4, therefore m and k are even, u and v are

x:u—irv\/a.

The ring R, of algebraic integers in Q(v/d): We have found necessary
conditions above for x to be an algebraic integer, but one can check that they
are also sufficient, given the polynomial satisfied by z. Setting R, equal to
the set of algebraic integers Q(v/d), we have

[z, 24 d=1mod 4
- Z[1,V/d  d=2,3mod 4.
In particular, Ry is a ring and is closed with respect to conjugation.

Every algebraic integer has an integer norm. To see this, let @ € Ry and
write a = x 4 yw where

B Vd d=1mod4
T4 d=2,3 mod 4.

Then
2? + oy + 5% d=1mod 4

N = a0 =
(a) = @ {xQ—dyz d=2.3mod 4.

We can interpret N(z +yw) as a binary quadratic form f(z,y) with discrim-

mnant
d d=1mod4
d(f) = B
4d d = 2,3 mod 4.
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Units, primes, and irreducibles in R;: We will define the units in Ry
to be the set Uy of invertible elements in Ry. If € € Uy then e/ = 1 for
some € € Uy, hence 1 = N(1) = N(e) = N(e)N(€), hence N(e) = £1.
Conversely, if « € Ry and N(«) = £1 then a@ = +1 hence ™! = +@ € Ry.
So we have proved

U, = {Oz € Ry: N(Oz) ::tl}.

In other words, the units in Ry are the numbers in R; norm a unit in Z.

We say that a|b in Ry if a = be for some ¢ € Ry. Primes m € Ry are non-zero
non-units that satisfy wlab = w|a or 7|b. Irreducibles © € R, are non-zero
non-units that satisfy m = ab = a or b is a unit.

Primes are irreducible: Let 7 be prime and suppose m = ab. Then 7|a or
m|b. If w|a, write write a = mag. Then 1 = agb, therefore b is a unit. But if
7 [ a then 7|b, therefore a is a unit.

Not all irreducibles are primes: Note that a = bec implies N(a) = N(b)N(c)
and alb implies N(a)|N(b). We can use these properties to show that 2 is
irreducible but not prime in R_5. Since —5 = 3 mod 4 we have R_5 =

Z[1,+/—5]. Suppose
2 = (21 + y1vV=5) (22 + 12V —h).

Take norms,
4 = (21 + byp) (w3 + 5ya)-

Since x? + 5y? = 2 has no solution, one of the two norms on the right is 1,
hence one of the two factors is a unit. Therefore 2 is irreducible. On the other
hand, 2|(1++/—5)(1 —+/=5) yet 2 is a divisor of neither factor since there is
no algebraic integer « + yv/—5 € R_js that satisfies 1 + v/—5 = 2(z + yv/2).
Hence 2 is not prime.

Every non-zero non-unit « in Ry can be factored into irreducibles: by in-
duction on |N(«a)| > 2. If |[N(a)| = 2, write a = (7. Taking norms,
N(a) = N(B)N(v) so IN(5)] =1 or |[N(v)| = 1, therefore § or v is a unit.
Now consider |N(«)| > 2. If « is not irreducible then there must be a way
to factor it in the form o = v where neither factor is a unit. Taking norms
we see that 1 < |[N(5)|,|N(v)] < |N(«)|, hence 8 and ~ are products of
irrreducibles, hence « is a product of irrreducibles.

Unique factorization into irreducibles in R;: When all irreducibles are
primes in R4, we have unique factorization of non-units in R, into irreducibles
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in the following sense: When x; - - -2, = y1 - - -y, in Rq with each z; and y;
irreducible, then m = n and there are units uy,...,u, and a permutation
o such that y; = u;x,(;) for each i. We will prove this by induction on n.
When n = 1 we have z;---x,, = y;. Since y; is irreducible, this forces
m = 1 and x; = y;. Assume the statement is true for a given n. Suppose
X1 Ty = Y1 Yne1- LThen m > 1. The product on the right is divisible
by x, and since z; is prime it has to be a divisor of some y;. Reordering
if necessary, j = 1 and y; = uyx; for some unit u;. Cancelling off z; we
obtain xg:+-Zy, = UYs - Ynr1. Equivalently, (v122) - Tm = Y2+ Ynt1
where ujv; = 1. We can use the induction hypothesis provided wvyxy is
irreducible. It is: If vy29 = af then x9 = (uj)B, therefore ujcv is a unit or
[ is a unit, hence « is a unit or § is a unit.

By consideration of norms we can prove that 2,3,1 + /—5,1 — /=5 are
irreducible in R_5 and neither number in {2,3} is an associate of either of
the numbers in {1 ++/—5,1 —+/—5}. On the other hand,

(2)(3) = (1 +v=5)(1 —v/=5).

Hence unique factorization into irreducibles fails in R_s.

Units in R; where d < 0: For d =1 mod 4, i.e. d =1 — 4k, we have
N(z +yw) = 2% + zy + ky*.

This is a reduced binary quadratic form. When k& > 2 the output 1 occurs
only with (z,y) = (£1,0), so the units in Ry are +1. When k£ = 1 the output
1 occurs only with (z,y) = (£1,0), (0,£1),+(1, —1), so the units in R_3 are
+1 and i%j’ and :I:%?g.

For d =2 mod 4, i.e. d =2 — 4k, we have
N(z + yw) = 2° + (4k — 2)>

This form is reduced for all £ > 1 and the only units are +1. For d = 3 mod
4,i.e. d =3 — 4k, we have

N(z +yw) = 2% + (4k — 3)y°.

This form is reduced for all £ > 1. For k£ > 2 the only units are 1. When
k =1 the units in R_; are £1, 4.
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Summary:

R_; has units £1, 4, roots of 2% + 1.

R_5 has units £1, roots of 2% — 1.

R_3 has units 1, i%‘/‘g’i, roots of 2% — 1.

R_;, has units +1 for k > 5 and k square-free, roots of 2% — 1.

Units in R; where d > 0: Consider a square-free integer d > 2. (Actually,
all we require is Vd irrational.) We can construct infinitely many units in
Q[\/E] as follows: v/d is irrational and its convergents p, /qn satisfy

Hence
Pn — qn\/a = cos(0,)/qn

Pn + Qn\/c_i = COS(Qn)/Qn + QQn\/C_Z
IN(pn — qn\/g)\ = |cos(0,)?/q> + 2cos(9n)\/;l] <14+ 2Vd.

Since the sequence of norms N(p,, — qn\/g) is bounded, there is an infinite
subsequence of constant norm N. We can finitely partition this subsequence
according to ([pn]n, [¢n]n), congruence classes mod N, and one of the parts
of this partition is infinite. Hence there exist infinitely many pairs m < n
such that p,, = p, mod N and ¢,, = ¢, mod N and p?, —dq? = p?>—dg> = N.
Setting

n= - + d>
Pn — C]n\/E N N

we have
PmPn — d@mn = pi - dqi =0 mod N
and

Pmn — PnQm = 0 mod .

Hence ) € R, and has norm 1. Note that n = 2 — yv/d satisfies 2% — dy? = 1,
so it is a solution to the Diophantine equation known as Pell’s equation.
This argument shows that there are an infinite number of solutions to this
equation.
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We can characterize the set of units U, in R, as follows: we first claim that
there is a unit g = z+yvVd > 1. If np > 1, usen. If 0 < n < 1, use
1/n. If =1 < np < 0, use —1/n. If n < —1, use —n. Secondly, we claim
that any unit = 4+ yv/d > 1 satisfies 2,y > 0. For if N(z + yvd) = 1
then =+ yvd > (z +yvd)™' =z —y/d > 0, and if N(z 4 yv/d) = —1 then
z+yvd > (x+yVd) ' = —z+yv/d > 0, and both statements yield z,y > 0.
Therefore UzN(1, 00) has a minimum element e: let 2y be minimum such that
there exists at unit zo + yov/d > 1. If 21 + y1v/d < 20 + yov/d in Uz N (1,00)
then 0 < x1 — xy < (yo — y1)Vd, hence y; < yo. This is satisfied by only
finitely many values of y;, hence by only finitely many values of 2 + y1v/d
since the value of y; determines the value of z; uniquely. We can identify
¢ as the minimum element of {x; + yivd i > 0}. Every other unit can be
expressed in terms of e: for any other unit § with § > 1 we have €* < § < !
for some n, hence 1 < 6/€” < e. Since 0/€" is a unit and € is the smallest
unit > 1, we must have 6/€" = 1, i.e. § = €”. So the set of all units > 1 is
{e¥ : k > 1}, which implies that the set of all units is {#€* : k € Z} by the
argument at the beginning of the pargraph.

Euclidean Fields: Certain quadratic fields, called Euclidean, are endowed
with an analogue of the division algorithm: for each o, € R4y with 5 # 0
there exist 9, p € R, such that

a=90B+p

with [N (p)| < |N(9)|. This gives rise to an analogue of Euclid’s algorithm for
constructing the greatest common divisor of @ and 8 # 0: Form the sequence
Qp, a1, Qg, ... with |[N(aq)| > |[N(ag)| > -+ > 0 via ap = o, a1 = 3, and for
k> 2, ap_g= 0k a1+ ap where 0 < |N(ag)| < |N(ag-1)|. The sequence
has to terminate with some «a,, = 0 for some n > 2, and «,_1 is a greatest
common divisor in the sense that a,,_1|a and a,,_1|5, and whenever x| and
x| we must have z|a, 1. All greatest common divisors divide each other,
hence are associates of each other. To see that «,_; is a greatest common
divisor, observe that the recurrence relation can be expressed in the form

e = [P ],

This can be used to obtain

o [Pl )= L)
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Simplifying,

Hence

Tan_1| |«

)=l
So we can see that «,_; is a common divisor of o and 3. Moreover if ¢ is
a divisor of both o and [ then the recurrence relation can be used to show

that § divides each ay, including «,,_;. Hence |, 1 and «,_; is a greatest
common divisor. All greatest common divisors are associates of each other.

Note that the inverse of Flk (1)} is {(1) 15 } . This implies that
— Ok

R R | R 8 e

Hence given algebraic integers o and § with greatest common divisor § there
is a pair of algebraic p and v such that pa + v = §. Whenever we have
puo + v = p we must have 0|p. In particular, when po + v = 1 we must
have 0|1, hence § is a unit. Conversely when the greatest common divisor of
a and f§ is a unit, i.e. « and g are coprime, there exist p and v such that
poa+vp=1.

Euclidean quadratic fields have unique factorization: let m be an irreducible
algebraic integer in a Euclidean quadratic field Q(v/d) and suppose 7|af3. We
will show that 7| or 7|3. Assume 7 [ a. We claim that 7 and « are coprime.
To see this, suppose é|m and d|a. Write m = mpd and a = «pd. If § is not a
unit then 7 is a unit and o = agmy '7 hence m|a: contradiction. Therefore §
must be a unit, hence a divisor of 1. Given that 7w and « are coprime, there
exist p and v such that um + va = 1, which yields ung + vaf = 3, and
since mw|af, w|f. Hence 7 is prime. We have shown that all irreducibles are
primes, so there is unique factorization in Ry when it is Euclidean.

Our task now is to identify d such that R, is Euclidean.
Necessary conditions for R; to be Euclidean:
First consider d = 2,3 mod 4. Then Ry = Z[1,+/d] and there exist integers

Z1, Y1, T2, Y2 such that

Vd = 2(xy + 31 Vd) + (22 + y2Vd)
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where |73 — dy3| < 4. When d < —5 we have z3 + 5y35 < 4, hence y, = 0 and

\/a = (2513'1 + %2) + 2y1\/6_l,

which is not possible because 2y; # 1. Hence d > —2 is necessary.

Next consider d = 1 mod 4. Then R; = 7Z[1, ”2\/3], and there exist integers
x1,Y1, T2, Yo such that

1 d 1 d 1++Vd
+\/—:2<x1+y1 +\/—>+(a:2+y2 \/_>

2 2 2

where |(z2 + y2)? — dy3 /4| < 4. When d < —15, yo = 0. This yields

1++d 1+vd

= (2 2
5 (221 + 22) + 2y 5

which forces 2y; = 1, which is not possible. Hence d > —11 is necessary.
Sufficient conditions for R; to be Euclidean:

Let o, B € Ry with 8 # 0. Write o/ = u + vV/d where u,v € Q. Consider
the cases.

d = 2,3 mod 4: Algebraic integers are of the form z + yv/d where z,y € Z.
Choosing x closest to u and y closest to v we have
a=(z+yVd)B+ (r+sVd)p
where |r|, |s| < 1. Restricting d to |d| < 3 we have d € {—2,—1,2,3}. When
|d| <2 we have
Ir? —ds?| <r?+2s* <

A~ w

When d = 3 we have

—3/4< 352 <r? =357 <r? <

IO,

In all cases

IN((r+ sVA)8)| < N < IN(B)]

Conclusion:

Q(v=2),Q(V~1),Q(v2),Q(V3)
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are Euclidean.

d =1 mod 4: Algebraic integers are of the form x4 £ + %\/E where z,y € Z.
Choose y so that § is closest to v, then choose x so that x + ¥ is closest to
u, i.e. x is closest to u — §. This yields

1 +2\/E)ﬂ + (r+sVd)s

a=(x+y

where |r| < 1 and |s| < 1. Restricting d to |d| < 13 we haved € {—11,-7,-3,5, 13}.
When |d| < 11,

15
r? — s2d| < r?+11s* < 6

When d = 13,
—13 1
T <1382 <P 1382 <P < 2
5 = 13s* <r 13s _r_4
In all cases 15
IN((r+ sVd)B)| < 1—6|N(5)| < [N(B)].

Conclusion:

Q(v~11),Q(v~=7),Q(v~=3),Q(v/5), Q(V13)

are Euclidean.
Section 7.6: The Gaussian Field

The Gaussian Field Q(7) is Euclidean and has ring of algebraic integers R =
Z[1,1]. We will give a complete description of the units and primes in R.

Units: As determined above, 1, —1,14, —i.

Primes: Any irreducible 7 divides its norm, therefore divides a prime number,
which must be unique (7|p and 7|g where p # ¢ implies 7|(pz + qy) and in
particular 7|1: contradiction). We will characterize irreducibles according to
the prime numbers they divide.

Let p be a prime number. Write p = ;- --m, (factored into irreducibles).
Taking norms, p?> = N(m;)--- N(m,), hence n < 2. There are two cases to
consider.

Case 1: —1 is a quadratic residue mod p. Then we have z? + 1 divisible by
p, which rules out p irreducible (lest p|(z + v/—1) or p|(z — +/—1), which
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impossible). Hence p = (a1 + biv/—1)(as + bay/—1), which forces p = (a +
bv/—1)(a — by/—1) = a® + b®. The corresponding irreducibles are associates
of a + by/—1 where a® + b? = p.

Case 2: When —1 is not a quadratic residue mod p we cannot have a?+b% = p,
so p is irreducible.

The prime numbers p for which —1 is a quadratic residue mod p are 2 and
odd primes of the form p = 1 mod 4. So the irreducibles in R_; are associates
of a4+ bv/—1 whenever a®+b? = p for some prime p, which occurs when p = 2
and p = 3 mod 4, and all primes p = 3 mod 4.

Chapter 7 Exercises

(i) N(14++/2) = —1, hence 1 + /2 is a unit in Q(v/2). It is certainly the
smallest unit greater than 1 of the form z + yv/d where z,y > 0 belong to
7Z, hence it generates all the units as described in Section 7.3 above. Also,
N2++v3)=1and N(1++3) = —2and 1 +kv3 > 2+ /3 when k > 2,
hence the units in Q(v/3) are (2 +v/3)", n € Z. Just out of curiosity, we
have (2 +/3)° = 362 + 209v/3, and 3622 — 3(209)% = 1.

(ii) By construction, a = % satisfies N(a) = 1. We just have to verify
that it can expressed in terms of the appropriate integral basis, {1, \/E} ifd=

2,3 mod 4 or {1, 1+2\/&} if d = 1 mod 4. Checking cases yields a finite number

of values of n and d. Examples are a = 1, —3 — 2/2, —2 — /3, _3;‘/5, 1.

(iii) Let p be a prime number. Then p is divisible by at least one irreducible 7,
and we can write p = «a,m,. If p and ¢ are distinct primes with m, = 7, then,
choosing integers r and s such that rp + sq = 1, we have ra,m, + sa,m, = 1,
hence m,(ray, + say) = 1, hence m, is a unit. Contradiction. So the 7, are
distinct.

(iv) 2 = (=1 + v/3)(1 + +/3). Factors have norm —2, hence are not units.
Therefore 2 is not irreducible.

(v) 2 is irreducible: If 2 = af then 4 = N(«a)N(B). If neither a nor g
is a unit then +2 = N(a) = z? + 6y?, which is impossible. Similarly 3 is
irreducible. v/—6 is irreducible: suppose v/—6 = a3. Then 6 = N(a)N(f).
We have seen that neither norm in the product is 2 or 3, which just leaves
1 or 6. The numbers 2 and 3 are not associates of the numbers /—6 by
comparison of norms. So R_g does not have unique factorization.
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(vi) Write (71 + y1v/—17)(z2 + y20/—17) = 1 + /—17. Taking norms, (2% +
17y3)(x3 + 17y2) = 18. The only possibilities for x? + 1722 are divisors of
18, namely 1, 2, 3, 6, 9, 12 or 18. The divisors 2, 3, 6, 9 and 12 are not
possible, hence one of the two factors is a unit. This implies 1 4+ /—17 is
irreducible. Similarly, 1 — 1/—17 is irreducible. On the other hand, we have
2-3% = (1++/—17)(1 — /—17). The number 2 is irreducible: 2 = a3 implies
N(a)|4, the only possibilities being N(a) € {1,4}. By comparison of norms,
2 is not an associate of 1 ++/—17. Hence we have non-unique factorization
into irreducibles.

(vii) =2 -5 = 4/=104/—10 and no integer solution to z? + 10y*> = 2,5.
2-7=(1++/-13)(1 — v/—13) and no integer solution to z* + 13y* = 2, 7.
—2 -7 = \/—14y/—14 and no integer solution to x? + 14y?> = 2,7. —3-5 =
v/—15y/—15 and no integer solution to (z +y/2)*+ 15y?/4 = 3,5 because no
integer solution to (2x + y)? + 15y? = 12, 20.

(viii) We have N(x 4 yv/10) = 22 — 10y?> = 22 = 0,1,4 mod 5, hence there
is no solution to N(z + y/10) = #2,43. This implies that 4 + /10 is
irreducible: (z; + y1v/10)(z2 + 12v/10) = 4 + /10 implies, after computing
norms, (z7—10y?)(z3—10y3) = 6. Hence each norm is a divisor of 6, hence +1
or £6, hence one of the factors is a unit. Given that 2-3 = (4++/10)(4—+/10)
and that none of the irreducible divisors of 2 is an associate of 4 + /10, we
have non-unique factorization into irreducibles.

(ix) Applying Euclid’s Algorithm we have
54+ 4v3 = (24 0V3)(1 4 2V3) + (3 + 0V3)

1+2v3=(0+3)(3+0V3) + (1 —V3)
24 0vV3=(-2-2V3)(1-v3) -1
1—v3=(=1+V3)(=1)+0.
This yields

[_01} - [(1) 1—1\/5} [(1) 2+12\/§} [(1] 0—1\/3} [(1] —2+10\/§} ﬁigg}

(54 2v3)(5 +4V3) + (—12 — 6v3)(1 + 2V3) = 1.
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(x) Any irreducible divides its norm, therefore divides a prime number, which
must be unique because if 7 divides distinct primes then it divides their
greatest common divisor 1. We will characterize irreducibles according to
the prime numbers they divide. Let p be a prime. Write p = my---m,.
Taking norms, p?> = N(m)--- N(m,), hence n < 2. When 2 is a quadratic
residue mod p we have 22 — 2 divisible by p, which rules out p irreducible
(lest p|(z 4+ v/2) or p|(z —v/2), which impossible given that algebraic integers
are of the form a + by/2 for integers a and b). Hence p = (a; + b1v/2)(as +
b2V/2), which forces p = (a + bv/2)(a — by/2) = a* — 2b%. The corresponding
irreducibles are associates of a+bv/2 where a®>—2b% = p. In short, expressions
of the form (1++/2)*(a+bv/2) where a® —2b> = p. When 2 is not a quadratic
residue mod p we cannot have a? — 2b*> = p, so p is irreducible. The prime
numbers p for which 2 is a quadratic residue mod p are 2 and odd primes of
the form p = 41 mod 8.

(xi) The problem statement is not quite right. Let m be a Gaussian prime.
If 7 = p, a prime number, then writing « = (pxr + ) + (py + s)i, we have
a =1r+41is mod p, where 0 < r < p, 0 < s < p. The representatives r + is
are distinct mod 7. Now suppose (a,p) = 1. Then a(ry + s11) = a(ry + s91)
mod 7 implies pla((ry — r1) + (s2 — s1)i) implies p|((re — 1) + (52 — $1)7)
implies r| + s142 = ry + s9i. Hence multiplication by a permutes the non-zero
r + si mod 7. Forming the product of all p> — 1 expressions of the form
a(r + si) where r + si # 0 yields the product of all p*> — 1 of the non-zero
class representatives, hence aN(™-1 = a?’~1 =1 mod 7.

Next, consider m = a 4 bi where a? + b* = p, a prime number. Then b # 0
mod p. We claim that every Gaussian integer is equivalent to some element
in {0,1,...,p — 1} mod 7. Given @ = = + yi we have @« = a — zw =
(x —az)+ (y —bz)i mod = for any integer z. There is a solution to y —bz =0
mod p, hence mod 7. Using this value of z we obtain &« =  — az mod .
We also have x — az = r mod p, hence mod m, for some 0 < r < p. The
representatives 0, 1,..., p—1 are distinct mod 7: 7|(r —s) implies r —s = k7
implies (r — s)? = N(x)p implies p|(r — s)? implies p|(r — s) implies r = s.
Now consider (o, 7) = 1. Then {7, 27,...,(p — 1)7} is a permutation of
{1,2,...,p—1} mod 7: ar = as mod 7 implies 7|a(r — s) implies 7|(r — s)
implies r = s mod 7. Hence (1a)(2c) - -- ((p — 1)) = (p — 1)! mod 7, which
implies 7|(a?~' — 1)(p — 1)!. Since ((p — 1)L,p) = 1, alp — D! + br7 = 1
for integers some pair of integers a,b, hence ((p — 1)!,7) = 1. Therefore
7|(a?~' —1). Hence aV™~1 = o»~! =1 mod 7.
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Chapter 8: Diophantine Equations
Section 8.1: The Pell Equation

The Pell equation is 22 — dy? = 1 where d is a non-square positive integer.
We will consider more generally solutions to 2 — dy? = %1 where x and y
are positive integers. Since we have already found all units in Q(v/2) and
Q(+/3) in Exercise 7.1, we will assume without loss of generality that d > 5
when considering the equation 2% — dy? = —1.

When 22 — dy? = 1 then we have we have
z—yVd=1/(z +yVd) >0,
hence z > yv/d and z/y > v/d. Substituting this into
z—yVd=1/(z +yVd)
yields
|z — yVd| < 1/2yVd.

This implies /Y = pn/¢n, one of the convergents to v/d. Since (z,y) = 1
and (pn, ¢,) = 1, this forces z = p, and y = ¢,. Since p,/¢, > v/d, n must
be an odd number.

When 22 — dy? = —1 we have (2 — v/d)y < 0 < z hence 2y < = + y\/d hence
|z — yVd| = m < ﬁ hence |v/d — ol < ﬁ hence z/y is a convergent of

the form p,,/¢,. We also have = — y\/d = H_yl\/g < 0, hence Vd > Z—:, hence

n must be even.

We next consider which convergents p,/q, satisfy p? — dq> = 1. Let § =
Vd+ [vd]. Then ¢ = —v/d + [V/d]. In other words, § > 1 and —1 < ¢’ < 0.

Therefore 0 is purely perodic and we have
0= [or o
for some minimal value of m > 1. This implies
Vid = [by — [Vd], b1, - b = [ao, @1, -~ ).

In other words, ay = Gjim = Apiom = --- for all k > 1. When p? —dg? =1
we have n odd and

) _ Pn-1— Qn—l\/t_l -
o = Unp1 = =
9"+2 ’ Qn\/a_pn
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(—=Put + Guo1 V) (po + G2V d) =
—Dn1Pn + AGn-1Gn + (PrGn-1 — Pn1qn)Vd =
—Dn—1Pn + dQR—1Qn + (_1)n+1\/c_l =

1
—Pn—1Pn + danlqn + Qo + —

0,
Comparing the expressions that are less than 1, 1/6,,,o = 1/6;, hence 0,15 =
0;. This implies a period of n + 1 in the sequence ay, as, as, . . ., which forces
m|(n + 1). Hence we have n = km — 1 for some k.
When p? — dg2 = —1 we have n even and
1 Pn—-1 — Qn—l\/C_l _

(07% + == en =
o 9"+2 o qn\/a — Pn

(pn—l - qn—l\/c_l) (pn + QH\/C_Z) -
Pa1Pn — dgn-1Gn — (Pnln-1 — Pn-1Gn)Vd =
—Pn—1Pn + dQn—IQn + (_1)n+2\/c_l -

1
—Pn—1Pn + dQn—1Qn + Qo + —

0,
Comparing the expressions that are less than 1, 1/6,,,o = 1/6,, hence 0,5 =
0,. This implies a period of n + 1 in the sequence a1, as, as, . .., which forces

m|(n+ 1). Hence we have n = km — 1 for some k. Since n must be even, m
must be odd, so there is no solution to 22 — dy? when the period of the v/d
is even.

We next show that every n = km — 1 of the right parity is a solution to
x? — y? = £1. By periodicity we have 0,5 = 0, hence

Vi = On+oDn+1 + Pn _ 01Pn41 + Dn
Onr2ni1 + qn 1qn+1 + an

Substituting 1/6; = v/d — a¢ we obtain

Vd = Pn+i +pn(\/a — ap)
Gn+1 + Qn(\/a - CL())

)
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and rearranging we obtain

VAd(Gni1 = Gn@o — Pn) = Prs1 — Pulo — Gnd.

Hence both sides are zero. Equating the two resulting expressions for ag
yields
dn+1 — Pn _ Pn+1 — qnd
In Pn

Rearranging this yields

Po — @od = —(Pnt1qn — Gui1pn) = —(—1)"" = (=1)"*1.

Theorem: Pmk—1 + ka—l\/g = (pm—l + Qm—l\/c_i>k for all k 2 L.

Proof: We have Uy N (1,00) = {n* : k > 1}. Let ko be the least positive
integer such that 7" has integer coefficients of 1 and v/d. Then for k > 1,
n* has integer coefficients if and only ko|k. This is clearly sufficient. To
prove necessity, suppose n* has integer coefficients and write k = qko + r
with 0 < 7 < ko. Then 7" = nFn=%. Since n%o = (nko)4, n*o has integer
coefficients, and since it has norm 41, n~%° also has integer coefficients.
Hence n" has integer coefficients, which forces » = 0. Hence the set of units
in (1,00) with integer coefficients is {u* : & > 1} where u = n*. So the
solutions to |z? — dy?| = 1 are embedded as the coefficients in the list u <
p? < p3 < ---. But this list is equal to p,,_; +qm_1\/3 < Pom—1 +q2m_1\/3 <
DP3m—1 + C_Ism—l\/c_i- -+, hence the theorem is true.

An example is given in the textbook to the fundamental solutions to x? —
97y?> = —1 and 22 — 97y?> = 1. It is hard enough to find the fundamental
solution to the first equation by looking at convergents. It would be much
harder to find the fundamental solution to the second equation by convergents
(at least by hand), but having found the first solution we just square it to
produce the second solution.

When p = 1 mod 4 is a prime number, then 22 — py? = —1 always has a
solution. Reason: First choose a solution to 2 —py? = 1 with 2,y > 0. Then
22 —y? = 1 mod 4, which forces y even and x odd. Write z = 2k + 1, y = 2j.
Then 22 — 1 = py? yields k(k + 1) = pj?. There are two cases to consider.

Case 1: plk. Write k = kop. Then we have ko(k + 1) = j% Since k and
k + 1 are coprime, ky and k + 1 are coprime, and we have ky = Y? and
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k+ 1= X2 This yields X? = k+1=pY?+1, X2 —pY? = 1. Note that
X§X2:k+1:%ﬂ<xsincex>1.

Case 2. p|(k+ 1). Write k +1 = kgp. Then kky = j%, and since k and
k + 1 are coprime, k and ko are coprime, and we have k = X2, ky = Y2,
X2 +1=k+1=pky=pY? X?—pY?=—1.

So a solution to 2> — py? = 1 yields either another solution X? — pY? =1
with 2 < X or to a solution X2 — pY? = —1. We cannot fall into Case 1
indefinitely, so eventually we will arrive in Case 2 and produce the desired
solution.

Section 8.3: The Mordell Equation y* = 22 + k
1. Chords and tangents in projective space.

Homogenous polynomials F'(z, y, z) satisfy F'(Ax, Ay, A\z) = A" F(x,y, z) where
n is the total degree of F'(x,y, z). Solutions to a polynomial equation f(z,y) =
0 can be embedded in the set of solutions to a polynomial equation F'(z,y, z) =
0 where F(z,y,z) is homogeneous and F(z,y,1) = f(z,y). Solutions to
F(z,y,z) = 0 with z = 0 are called points at infinity. Any rational solu-
tion (z,y,z) to F(x,y,z) = 0 with z # 0 gives rise to the rational solution
(x/z,y/z) to f(x,y) = Osince f(z/z,y/z) = F(x/z,y/z,1) = 2 "F(x,y,2) =
0.

On page 80 it is stated that for any non-zero integer k the curve y? = 2 + k
has the property that the chord joining any two rational points on the curve
y?z = o3 + kz® intersects the curve again at a rational point. For example,
the curve y? = 23 + 17 is associated with the homogeneous equation y%z =
23+172% and two of its rational points are (0, 1,0) and (=2, —3,1). The chord
between them has coordinates (1 —¢)(0,1,0)+#(—2,—3,1) = (—2t, 1 —4¢, ).
Solutions to the homogeneous equation on this chord satisfy (1 — 4t)* =
(—2t)3 4+ 17¢%, ie. ¢(t —1)(Tt — 1) = 0. There are three solutions, t = 0,1, 1.
Solutions ¢t = 0 and ¢ = 1 correspond to (0,1,0) and (—2,—3,1) while ¢t = %
yields (2,2, 1), which yields the solution (z,y) = (—2,3). Of course, this
example is trivial because when (a,b) is a solution, so is (a, —b). To take
another example, two rational solutions are (2,5,1) and (—2,3,1). The chord
between them is (2 — 4¢,5 — 2¢,1). Solutions to the homogeneous equation
satisfy ¢(t — 1)(16t — 7) = 0 and ¢ = = yields the solution (1,23 1). Hence
we obtain the solution (1/4,33/8). Another way to generate new solutions
from old is to find the point of intersection between an existing solution and
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the tangent to the curve at that solution. Apparently the rational solutions
on the Mordell curve y? = 23 + k satisfy a kind of group law.

Solutions to a homogeneous equation live on lines through the origin. The
set of all non-trivial lines forms projective space and one can study solutions
to polynomial equations in this context.

2. Quadratic residues.

Rearranging y? = 23 + k into
Y =2"—d"+d+k=(x—a) 2’ +ar+a*)+ (a* + k)

and reducing by a prime that divides z — a or 2%+ ax + a? yields y?> = a® + k
mod p. Hence a® + k is a quadratic residue mod p and we can ask if such a
thing is possible.

For example, suppose there is a solution to y? = 23 + 11. As x and y range
through 0,1, 2,3 mod 4, y? ranges through 0, 1,0, 1 mod 4 and 22 + 11 ranges
through 3,0, 3,2 mod 4, hence we must have y = 0,2 mod 4 and x = 1 mod
4. Choosing a = —3 we obtain a®> + k = —16 and 2% + az + ¢®> = 3 mod 4.
Therefore 22 4 ax + @ has a prime divisor p = 3 mod 4. Reducing mod p
we find that —16 is a quadratic residue mod p, which implies that —1 is a
quadratic residue mod p, which is not possible given p = 3 mod 4. So there
is no solution.

3. Factorization in Q[v/E].

Consider the equation y? = 23 — 11. We will establish some necessary condi-
tions on z and y, assuming that there is a solution. We have

(y — V-11)(y + vV-11) = 2*.

We will show that the two factors y++/—11 and y —+/—11 are coprime, then
exploit unique factorization to determine x and y.

By unique factorization in Q(y/—11), any common irreducible divisor 7 of
y —+/—11 and y + v/—11 is a divisor of 23, hence of x by primality. Since
7w must be a divisor of (y + v—11) — (y — v—11) = 2¢/—11, we must have
N(rm)|44. Hence N(rm) € {1,2,4,11,22,44}. We also have N(m)|z?, which
implies that any prime divisor of N () is a divisor of . We can rule out
some of the prime divisors of N(7) by considering the prime divisors of z. If
2|z then y?> = —11 = 5 mod 8, which is not possible. Also, if 11|z then 11|y
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and the equation implies 11y2 = 11?23 — 1, which is also not possible. So in
fact N(7) =1 and y — v/—11 and y + v/—11 must be coprime.

Irreducible factorizations yield y — v —11 = aq -~ 5, y + =11 = B4, ... Bk,
x =y ---. This yields

By unique factorization, any irreducible appears a multiple of 3 times (up
to associates) in y + +/—11, hence y + /—11 is a perfect cube times a unit.
Given that the units in Q(y/—11) are £1, this implies

y+\/—_11=(a+g(1+\/—_11))3=

a® + (3a%b) /2 — (15ab*) /2 — 4b® + (3/2a*b + 3/2ab* — b*)y/—11
for some pair of integers a and b. Since a basis for Q(v/—11) is {1,/—11},
comparing coefficients we obtain
1 = 3/2a*b + 3/2ab*> — b*
and
y = a® + (3a®b) /2 — (15ab?)/2 — 4b°.
Taking norms in y +v/—11 = (a + 2(1 4+ /—11))® we obtain
2% = (a® + ab + 3b%)3,
hence
x = a® + ab + 3V°.

Multiplying the first equation by 2 and substituting the expression for x
yields
2 = 3bx — 11b° = b(3z — 11b%),

therefore b € {—2,—1,1,2}. Chasing through the possibilities, = 3,15.
This yields y?> = 3% — 11 = 42, y?> = 15° — 11 = 582 We have proved
that if (z,y) is a solution to y?> = 3 — 11 then it must satisfy (z,y) €
{(3,£4), (15, £58)}. Conversely, one can check that these are all in fact
solutions.

Section 8.4: The Fermat Equation
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The equation ™ 4+ y™ = 2™ has no non-trivial integer solutions for an integer
n > 3: Conjectured by Fermat in 1637, proved by Wiles in 1995.

1 a? +y? =22

A modulus 4 argument shows that x and y cannot both be odd. Given a so-
lution (z,y, z) with (z,y) = d > 1, we can obtain another solution (zo, ¥o, 20)
after division by d?. So it suffices to characterize primitive solutions (z,y, 2)
where z,y,z > 0, (z,y) = 1, and z is odd and y is even and z is odd. A
solution satisfies (z + z)(z — ) = y? = 4y3. The factors z — z and z + =z
are even. Any prime divisor p of z + z and z —  must be a divisor of
(z+2) — (2 — ) = 2z. It cannot divide z, otherwise it divides z and there-
fore y. Hence p = 2. Writing z + z = 2u and z — = 2v we have uv = y2.
This yields u = a?, v = b?, hence (z,y,2) = (a® — b?,2ab, a* + b*) where
a > b have opposite parity and are coprime. Conversely, every such triple is
a reduced solution: If p is a common prime divisor of a? — b* and 2ab then
it must divide a or b, but if so then it divides both a and b: contradiction.
Therefore a? — b* and 2ab are coprime.

REMARK: The first element z in a primitive Pythagorean triple (x,y, z) is
a difference of squares a® — b?> where a and b are coprime and of opposite
parity. When z itself is a perfect square X? we obtain another Pythagorean
triple (X, b,a). It is primitive: X and b are coprime since a and b are, and
X?% = a? — b? forces b to be even.

2. 2t +yt =24

The method of infinite descent can be used to show that z* + y* = 22 has no
non-trivial solutions. If there is a solution then (22,12, 2) is a Pythagorean
triple. Choose a primitive solution in which 2 is odd, y? is even, and 22, 3/, z
are coprime in pairs. Then there exists a coprime pair a, b of opposite parity
such that 22 = a? — b?, y?> = 2ab, and z = a® + b>. By the remark above,
(x,b,a) is a primitive Pythagorean triple and there is a coprime pair A, B of
opposite parity such that x = A? — B?, b = 2AB, a = A? + B%. This yields
y? = 2ab = 4AB(A? + B?). Since A, B, and A? + B? are coprime in pairs,
A=u? B =% A%+ B? = w? That is, u* + v* = w?. This yields another
primitive solution with w < z since w? = A2+ B? = a < a® + b* = 2. This
can’t continue forever, so there were no solutions to begin with.

3. 23 + 3 =23

Suppose there is a positive integer solution to 2® 4+ = z3. Then 23+ = 23
mod 9, which is only possible if one of x,y, z is divisible by 9 in Z. Let
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A= 3Y=3 ¢ R, Since N(\) = 3, A is irreducible in R_5. Moreover
A= — %ﬁ = 9w where w = %?3 is a unit. We have found non-
zero «, 3,7 in R_3 such that o® + 3% + 43 = 0 where A*|y. In other words,
o + 3% + A'293 = 0. This justifies Baker’s statement that a positive integer
solution to z3+y® = 23 gives rise to a non-zero solution to a®+32+nA3"~3 = 0
in R_3 where 1 is a unit and n > 2 and -y is not divisible by \. We can assume
further that o and  have no common factors. To complete the proof, we
should be able to derive another such solution with n replaced by n — 1 with
n — 1 > 2. Iterating this yields a contradiction.

N[O N

Details: w is a primitive 3" root of unity. Hence
(a+ B)(a +wh) (o +w’B) = —nA*y".

Hence A divides one of the factors on the left hzand side. We claim that A
divides all three factors and that O‘—J/(B, %, L;JB have no common factors
in R_5. To see this, suppose that A\ divides o 4+ w?3. Then

(@ +w'p) — (a+wB) =w'(l —w)B = —wTrg,

hence \ divides a + w'™!B. This implies A divides o + w'*23. So X divides
all three factors. Now suppose that an irreducible 7 divides a + w8 and
a + w1t B. Then it divides their difference —w A3, If 7 is not an associate
of A\ then it must divide 3, so it also divides «, a contradiction. Hence the
three algebraic integers 48 atws a+w®8 ) ave no common factors in R_3. So

X 0T X 0
now we can write )
at+wp o3
A - 771 1
o + wi+1/8 3
L
o + Wi+2/8 .
AL A

where 1, 12, 3 are units in R_3 and A does not divide ;. Since 1+w-+w? = 0,
we have
Mo + wnefy + W AP = 0.

Rescaling,
i +miBy + e A =0,
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We have 3n — 3 > 3. Reducing by A\* = 31/—3 we obtain
o3 +m B =0 mod 3v-3.

Hence
o +mpB; =0 mod 9.

Lemma 1: The distinct congruence class representatives mod /—3 in R_3
are —1,0, 1.

Proof: Given that w —1 = (-1 + %3)\/—3 = 0 mod v/—3, we have w =1
mod y/—3. Hence x 4+ yw = = + y mod /—3. Since every integer is in the
class of —1/0/1 mod 3, it is in these clases mod v/—3. These classes are

distinct mod y/—3. So every element in R_3 = Z[w] falls into one of these
classes.

Lemma 2: When ¢ =1 mod v/—3, ¢ =1 mod 9.

Proof: 0> —1 = (6 —1)(6®*+0+1). But 0 —1 = 0 mod /-3 and
o’+o0+1=1+1+1=0mod /-3, so the result follows.

Using the lemmas, we obtain 1 + 7, = 0 mod 9. The only units in R_3
satisfying this are n; = +1. So we can rescale to

af + B + A = 0.

To complete the proof we must show that n — 1 > 2. If this is not true then
we have

1+ (£1) +753v/—=3 = 0 mod 9.

This is not possible in R_3, as can be checked by brute force, checking 1, =
+1, fw, £w?.

Section 8.5: The Catalan Equation.

It is conjectured that 2P — y? = 1 has only one solution in positive integers,
namely 32 —23 = 1. For example, consider the equation z° —y* = 1. Suppose
there is a solution (x,y). As z ranges through 0,1,2,3 mod 4, x° ranges
through 0,1,0,3 mod 4. As y ranges through 0,1,2,3 mod 4, y? ranges
through 0,1,0,1 mod 4. Therefore x and y have the same parity and must
both be odd. We have z° = y* + 1 = (y +1)(y — 7). We claim that y + ¢ and
y — ¢ are coprime: Suppose 7 is a common irredicuble divisor of y + ¢ and
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y —i. Then 7 divides their difference 2i, hence N(7)[4. On the other hand,
7 is a divisor of x°, hence of x by primality, given that Q(:) is Euclidean.
This implies N(r)|2?. Since (4,2%) = 1, N(7) = 1: contradiction. Given
that y + 4 and y — i are coprime, y + i = uz® for some unit u, and wlog
y +1 = 2° after absorbing the unit into the fifth power. Writing z = a + bi
and comparing coefficients in y + ¢ = (a + bi)®> we obtain

1 = 5a*b — 10a?b* + b° = b(5a* — 10a%b* + b*).
Hence b = £1 and 5a* — 10a® + 1 = £1. Since there is no integer solution to

the latter equation, there was no solution to 2° — y? = 1 to begin with.

REMARK: What we seem to be doing here is exploiting unique factorization
in a quadratic field, where we can factor things further than we can in 7Z,
hence imposing more conditions on a potential solution.

Chapter 8 Exercises:
(i) The positive solutions are of the form z, + y,v/d = (a + bv/d)". Hence
Tnit + Yns1Vd = (a4 b0/d)(z, + yoV/d). This yields

Tpt1 = ATy + bdyna

Ynt1 = bz, + ayp.

Using just the first recurrence relation and a? — b2d = 1 yields
Tpy1 = Ay + bd(bx,_1 + ayn_1) = ax, + b*dr,_ + a(z, —az, 1) =

20z, + (b*d — a*)x,_, = 201, — 1,1,
Tpi1 — 202, + 21 = 0.
Similarly,
Yn4+1 — 2ayn + Y1 = 0.
Given v/7 = [2,1,1,1, 4], we have m = 4, hence the convergent ps/qs = 8/3
yields a + b7 = 8 + 3v/7. Hence a = 8.

(ii) v/31 = [5,1,1, 3,5, 3,1, 1, 10] has period m = 8, hence there is no solution
to 22 — 31y? = —1. Another solution is merely that 31 = 3 mod 4, hence 31
is a Gaussian prime and cannot be a divisor of 2% +1 = (x+1i)(x — i) because
it divides neither factor.
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(iii)) We should assume p # ¢q. We will use an infinite-descent argument.
First find a solution to

? —pay® =1
where o > 0,y > 0. This yields 22 — y?> = 1 mod 4, hence z is odd and vy is
even. Write x =2k + 1, y = 25. Then

k(k+1) = pgs®.

There are four cases to consider.

Case 1: pqg|k. Write k = pgky. Then we have ko(k + 1) = 52, therefore
ko=u? k+1=1v% v? —pqu® = 1.

Case 2: p|k and ¢|(k + 1). Write k = pko and k + 1 = gh. Then we have
koh = j2, therefore kg = u?, k + 1 = qv?, pu® — qv? = —1.

Case 3: g|k and p|(k + 1). As in Case 2 this yields qu? — pv? = —1, hence
pv? — qu® = 1.

Case 4: pq|(k + 1). Write k + 1 = pgh. Then we have kh = j2, k = u?,
k+1 = pqu?, u? — pqv* = —1. This yields u* + 1 = pqv?, p|(u + 1) (u — 7),
which is not possible because p is a Gaussian prime and divides neither factor.

Conclusion: finding a solution to 22 — pgy? = 1 yields another solution with
smaller x > 0,y > 0 or to a solution to pz? — qy? = 1. Eventually we arrive
at a solution to the latter.

Example: Let p = 3, ¢ = 7. Then 55% — 21(12?) = 1 using the continued
fraction expansion of /21 and m = 6. Writing 55 = 2k + 1 yields k = 27,
k+1=28. This is Case 2 and yields u = 3, v = 2, 3(3?) — 7(2%) = —1.

Example: Let p = 31, ¢ = 41. Then 32799% — (31)(41)(920?) = 1 using the
continued fraction expansion of v/31 - 41 and m = 10. Writing 32799 = 2k+1
yields k£ = 16399, k + 1 = 16400. This is Case 2 and yields u = 23, v = 20,
31(23?) — 41(20%) = —1.

A generalization (with Russell Jahn): Let d > 1 be square-free and congruent
to 1 mod 4 and divisible by at least one prime p congruent to 3 mod 4. Then
there is an integer solution to

ar® —by* =1
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for some a > 1,b > 1 satisfying ab = d.

Proof: Start with an integer solution to 22 — dy? = 1 with z > 0, y > 0. By
a mod 4 argument, x is odd and y is even. Write x = 2k 4+ 1, y = 2j. Then

k(k+ 1) = dj’.

There are three cases to consider.

Case 1: d|k. Write k = dko. Then we have ko(k + 1) = j2, therefore kg = u?,
E4+1=12% 1> —du?=1. We have 0 < v < .

Case 2: d|(k+ 1). Write k + 1 = dh. Then we have kh = j2, k = u?
k+1 = dv?, u*—dv* = —1. This yields u>+1 = dv?. Therefore p|(u+1)(u—1),
which is not possible because p is a Gaussian prime and divides neither factor.
So Case 2 can’t happen.

Case 3: d = dydy where dy,dy > 1 and d; |k and dy|k+ 1. Write k = dik; and
k+1 = dyky. Then we have kiky = j2, so we can write k; = u? and ky = u3.
Therefore k = dyu and k + 1 = dyu3, and we have dyu3 — dyu = 1.

An infinite descent argument shows that we must eventually arrive in Case

3.

(iv) Suppose there is a rational solution to z* — ay* = ¢. Then there is an
integer solution to z* = ay* + cz* with at least one of x,v,z odd. There
are only two possible congruence classes for n* mod 16: 0 or 1. This yields
0/1=0/a+ 0/c mod 16, which can only be realized with 0 = a + ¢ mod 16.
Hence x is even, y is odd, z is odd, a+c¢ = 16. One possible solution is x = 2
and y=z=1and a =c=38. A good trick question.

(v) The only solution to a® + 20> = 0 mod 7 is a,b = 0 mod 7. So if
23 + 2% = 7(2% + 2w?) then each term is divisible by 7, and an infinite
descent argument shows there is no non-trivial solution. Another good trick
question.

(vi) 2t — D)+ (2= 1)+ (2 —20)* =22 — ¢t + 1)L

(vii) Necessary conditions for y* = 2% — 17: Reducing mod 4, y* = 2® — 1.
Since y?> = 0,1 and 2 — 1 = 0, 3, y must be even and x must be odd. Now
write y* = (z° +8) — 25 = (v + 2)(2* 4+ 22 +4) — 25. When = = 1 mod
4, v + 2 = 3, hence 2% + 8 has a prime divisor p = 3 mod 4. This implies

y?> = —25 mod p, which contradicts the fact that —1 is not a quadratic
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residue mod p. When z = 3, 2% +8 = 3 mod 4, so again there is no solution.
Hence this equation has no integer solutions.

(viii) The field Q(v/—2) is Euclidean. If there is any solution to y* = 2% — 2
then y must be odd and x must be congruent to 3 mod 4 since y?> =0, 1,0, 1
and 2° — 2 = 2,3,2,1 mod 4. Rearranging y?> = 2% — 2 to y?> + 2 = 23, we

obtain
(y —vV=2)y + vV=2) = 2"

Now let 7 be a Gaussian prime divisor of both y — v/—2 and y + v/—2.
Then it is a divisor of their difference 2y/—2, hence N(7)|8, hence |N(7)| €
{1,2,4,8}. Since w|z®, N(7)|z", forcing N(r) to be odd. Hence |N(m)| = 1.
Therefore y — /—2 and y + /—2 are coprime and by unique factorization
y 4+ v—2 = uw? for some unit p. Since p = £1 in Q(v/—2), we can write
y++vV—2=~%= (a+by/-2)> Comparing coefficients of v/—2 yields

1 = 3ab — 2b* = b(3a” — 20%).
This yields (a,b) = (£1,+1). We also have
2% = (a — bv/=2)*(a 4+ bv/=2)% = a® + 6a’b* + 124" + 8b° = 27.
So y? = 23 — 2 is solvable with z = 3, y = £5.

(ix) Let S be the set of all coprime and positive (z, y, z) satisfying 4 —y* = 22,
We will show that (z,y,2) € S = (2/,y/,7') € S with 2/ < x. Hence S
must be empty. We will let P represent the set of primitive Pythagorean
triples.

Suppose (z,y,z) € S. Then x must be odd and y and z must be of opposite
parity.

Case 1: y is odd and z is even. Then (y? z,2%) € P, hence (y?, 2,2%) =
(a® — b%,2ab, a® + b*), hence

at —b* = (a* — b*)(a® + b?) = (yx)?,
hence (a,b,yx) € S with a < z.

Case 2: y is even and z is odd. Then (z,y? z%) € P, hence (z,y* 2%) =
(a® — b%,2ab, a® + b?).

Case 2.1: aiseven and bis odd. Then a = 2a? and b = b? and (b2, 242, z) € P,
hence (b3,2a3, ) = (a3 — b3, 2asbe, a3 + b3), hence as = a3 and by = b3, hence
b = aj — b3, hence (az, b3, b1) € S with a3 < ay < .
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Case 2.2: aisodd and bis even. Then a = a? and b = 2b? and (a?, 202, z) € P,
hence (a?,2b%, z) = (a3 — b3, 2asby, a3 + b3), hence ay = a2 and by = b3, hence
a? = a3 — b3, hence (a3, b3,a;) € S with a3 < ap < .

(x) If 2* 4+ y* = 23 has a primitive solution then z is odd. We have
(2% + iy?) (2? —iy®) = 25

If 7 is a common divisor of 2% +iy? and x? — iy? then it divides 222 and 2iy?
and 2%. Hence N(m) divides 4z* and 4y? and 2°. If p is a prime divisor of
N(7) then it divides 4z* and 4y? and 25. Since z is odd, p is odd and must
divide z and y. Contradiction. Hence N () = 1 and 2?4+ iy* and x? — iy? are
coprime. Hence z? + iy?* = u(a + bi)? for some u € {1,i,—1, —i} by unique
factorization. Multiplying through by u~! and absorbing the minus sign into
the cube we can write X2 +iY? = (a + bi)®. We have X? = a(a® — 3b?) and
Y? = b(3a® — b*). Suppose p is a prime dividing a and a® — 3b*. Then p = 3
and in fact (a,a® — 3b%) = 3. Similarly, if ¢ is a prime dividing b and 3a? — b?
then ¢ = 3 and (b, 3a>—b*) = 3. Therefore (a,a?—3b?) = 1 or (b, 3a*—b?) = 1.
If both pairs are coprime then, as we argued before, we can derive a positive
solution to X*—3Y* = 22. Now suppose (a,a*—3b?) = 3 and (b, 3a*>—?) = 1.
Then a = 3a; and |b| = b? and we can write X? = 3a;(9a? — 3b7). Writing
X = 3X; we obtain X? = a;(3a? — b}). Hence we have |a;] = a3 and
13a2 — b}| = ¢ and we have |3a; — bj| = ¢*, which by a mod 4 argument
implies bf —3aj = ¢*. The other case yields the same conclusion. Hence there
is a primitive solution to 2% — 3y* = 22. We will show using computations in
R3 that this gives rise to X4 — 3Y* = Z% with X < x.

Given a primitive solution to z* — 3y* = 22, a mod 4 argument shows that z
must be odd and that = and y must have opposite parity. We have

(2 — V3y*) (2 + V3y?) = 2%
The two factors are coprime in Rj3, hence
2? +V3y? = u(a + bV/3)?

for some positive unit u. Since the positive units in R3 are integer powers of
2+ \/g, by creative grouping we can write

22 +V3y? = (A + BV3)?
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or

22+ V3y: = (2+ V3)(A+ BV3)%

The latter equation can be ruled out using congruences mod 4 as follows: it
implies
1° =2A% + 6AB + 6B

and
y> = A + 4AB + 3B

Hence z is even, y is odd. Since y?> = A? + 3B% mod 4, A is odd and B is
even. Writing z = 2z, we have 223 = A? +3AB + 3B2, which is impossible.

Given that 22 + v/3y? = (A + Bv/3)?, we have
a? = A+ 3B

and
y> = 2AB.

Hence y is even, = is odd, A is odd, B is even, and all four numbers are
coprime in pairs. Writing A = A% and B = 2B} we obtain

x? = Al +12B],

y? = 4A2B?.

Factoring,
(z —2v3B})(z + 2v/3B}) = Af,

and repeating the argument above, we arrive at
x = A3+ 3B;3,

2B7 = 24, By,
hence Ay = A3, B, = B, Bf = A3Bj3,

x = A; + 3B,

Al = 2® —12B} = (A5 +3B3)* — 12(A2B2) = (A3 — 3B3)?,

hence
A3 —3B; = +A43.
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A modulo 4 argument shows that in fact we have
Al 3Bl = A2

Given that As; < z, we have infinite descent. So there is no solution to
2t — 3y* = 22 in positive z, y, 2.

(xi) For any integer n, n® = n mod 6, as can be checked directly using

0 < n < 5. Therefore

n=m-n*)+n’=6k+n’=(k+1)°>+ (k—1)>+ (=k)° + (=k)* + n°.

(xii) Suppose 2% + 7 = 23**2 has a solution. Then z must be odd. Writing
r =2X +1 we have 4X? +4X + 8 = 232 which implies X2+ X +2 = 23,
We will find all solutions to 22 + z + 2 = y3.

Assume 22 + z + 2 = y3. A modulus 4 argument shows that z and y must
both be even. Factoring, we obtain

1 =7 1 V=7 3
($+§+T)($ 5—7)—%
Any common divisor § of x + % + g and x + % — \/757 is a common divisor

of 2z + 1 and 2¢/—7 and y*. Hence N(J) is a common divisor of (2x + 1)?
and 28 and y°. If p is a prime divisor of N(d) then p € {2,7}. But 2 does
not divide (22 + 1)? and 7 does not divide 3°. So in fact |[N(§)] =1 and ¢ is
a unit and = + % + @ and z + % — g are coprime. By unique factorization
in R_7, this forces

1 /=T

r+-+-—=ula+bd

1+ =7
2 2 2

)3

for some unit u, and since the units in R_; are 1, we can assume without
loss of generality that « = 1. Given that

1++/-=7 3 b 3 9ab?
(a+b— ) = P+ 2 VT 2b—“—+ N b2——— \/ 7,
comparing coefficients of \/—7 we obtain
1 3 3

1
2 2 3
— =%+ Zab® — b
2 2a 2a 27
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1 = b(3a® + 3ab — b%).

The only integer solutions to this are (a,b) = (0,—1) and (a,b) = (1,—1).
Given that

losy — -
T+5=a
x € {-3,2}.
Hence we obtain solutions (x,y) = (—3,2) and (x,y) = (3,2).

In summary, the only integer solution to 22+ z +2 = 2% is x € {-3,2} and
2k = 2 which forces k = 1.
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