Week 15 Lectures Math 223 Fall 2009

/F-drz//curlF-dS.
c s

Proof: Let r(u,v) = (x,y,2) be paramaterization of S. Let C be closed
path in S. We'll assume that this comes from a path C” in the uwv-plane:
(u(t),v(t)). So pathis (z(u(t),v(t)), y(u(t),v(t)), z(u(t),v(t))). Let D be the
region enclosed by C' on S and let D’ be the region enclosed by C” in the uv
plane. If F = (P,Q, R), then

Stoke’s Theorem:

/F~d'r:/Pd:U—|—Qdy—|—Rdz:
c c

b
/ Pz, 4+ 2,0") + Q(yut' + y,0") + R(z,t + 2,0") dt =
b
/ (Pzy + Qyy + Rz )u + (Pxy + Qyy + Rz,)v' dt =
/ (Px, + Qu, + Rz,) du+ (Pz, + Qy, + Rz,) dv =
C/

// (Pxy, + Quy + Rzy)y — (Pzy + Quu + Rzy)y dA
oD

by Green’s Theorem. Now
Px,)y, = Puxy+ Py, = (Poxy+Pyyu+Pozy) o+ Py, = Ppryty+Pyyy o+ P2y Ty + Py,

u = Quyv+vau - (szu+nyu+QzZu>yv+vau - szuyv+nyuyv+szuyv+vau
u — Ruzv+szu = (Rxxu+Ryyu+Rzzu)zv+szu = Rxxuzv+Ryyqu+Rzzuzv+szu
v = vau—i_quv = (Pxxv—i_Pyyv_'—Pzzv)xu—i_quv = mevxu—i_Pyyvxu—i_Pzvau+quv
v — vau+Qyuv = (Qxxv+nyv+szv)yu+Qyuv = szvyu+nyvyu+szvyu+Qyuv
v — szu+Rzuv = (Rxxv—i_Ryyv—i_Rzzv)Zu—i_Rzuv = Rxxvzu+Ryyvzu+Rzszu+Rzuv
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Py (yuy — Yoy) + Po(2u2y — 2p24)+
Qu(TuYy — To¥u) + Q=(2ulYo — 20¥u)+
Ry (2uze — Toz)) + Ry(Yuzo — Yo2u) =
(Ry — Q:2)(Yuzo — Yozu) — (P — Ra) (T2 — To2u) + (Qu — Py) (TuYy — Tuyu) =
(Ry — Q2 P. = Ry, Qu — Py) - (Yu2o — YoZu, —(TuZy — Tu2y), Tulfy — TolYu) =
curl F - (ry X 1y).

Therefore

// (Pxy, 4+ Quy + Rzy)y — (Pzy + Quy + Rzy)y dA = // curl F - (ry, x 1) dA
oD’ oD’

://curlF-dS.
s



