
Week 15 Lectures Math 223 Fall 2009

Stoke’s Theorem:
∫

C

F · dr =

∫ ∫

S

curl F · dS.

Proof: Let r(u, v) = (x, y, z) be paramaterization of S. Let C be closed
path in S. We’ll assume that this comes from a path C ′ in the uv-plane:
(u(t), v(t)). So path is (x(u(t), v(t)), y(u(t), v(t)), z(u(t), v(t))). Let D be the
region enclosed by C on S and let D′ be the region enclosed by C ′ in the uv
plane. If F = (P, Q,R), then

∫

C

F · dr =

∫

C

P dx + Q dy + R dz =

∫ b

a

P (xuu
′ + xvv

′) + Q(yuu
′ + yvv

′) + R(zuu
′ + zvv

′) dt =

∫ b

a

(Pxu + Qyu + Rzu)u
′ + (Pxv + Qyv + Rzv)v

′ dt =

∫

C′
(Pxu + Qyu + Rzu) du + (Pxv + Qyv + Rzv) dv =

∫ ∫

∂D′
(Pxv + Qyv + Rzv)u − (Pxu + Qyu + Rzu)v dA

by Green’s Theorem. Now

(Pxv)u = Puxv+Pxvu = (Pxxu+Pyyu+Pzzu)xv+Pxvu = Pxxuxv+Pyyuxv+Pzzuxv+Pxvu

(Qyv)u = Quyv+Qyvu = (Qxxu+Qyyu+Qzzu)yv+Qyvu = Qxxuyv+Qyyuyv+Qzzuyv+Qyvu

(Rzv)u = Ruzv+Rzvu = (Rxxu+Ryyu+Rzzu)zv+Rzvu = Rxxuzv+Ryyuzv+Rzzuzv+Rzvu

(Pxu)v = Pvxu+Pxuv = (Pxxv+Pyyv+Pzzv)xu+Pxuv = Pxxvxu+Pyyvxu+Pzzvxu+Pxuv

(Qyu)v = Qvyu+Qyuv = (Qxxv+Qyyv+Qzzv)yu+Qyuv = Qxxvyu+Qyyvyu+Qzzvyu+Qyuv

(Rzu)v = Rvzu+Rzuv = (Rxxv+Ryyv+Rzzv)zu+Rzuv = Rxxvzu+Ryyvzu+Rzzvzu+Rzuv

hence
(Pxv + Qyv + Rzv)u − (Pxu + Qyu + Rzu)v =

1



Py(yuxv − yvxu) + Pz(zuxv − zvxu)+

Qx(xuyv − xvyu) + Qz(zuyv − zvyu)+

Rx(xuzv − xvzu)) + Ry(yuzv − yvzu) =

(Ry −Qz)(yuzv − yvzu)− (Pz −Rx)(xuzv − xvzu) + (Qx−Py)(xuyv − xvyu) =

(Ry −Qz, Pz −Rx, Qx − Py) · (yuzv − yvzu,−(xuzv − xvzy), xuyv − xvyu) =

curl F · (ru × rv).

Therefore
∫ ∫

∂D′
(Pxv + Qyv + Rzv)u − (Pxu + Qyu + Rzu)v dA =

∫ ∫

∂D′
curl F · (ru × rv) dA

=

∫ ∫

S

curl F · dS.
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