Exam 3 Solutions Math 641 Fall 2014
Let wy,us, us,us € C be the roots of 2t + 22% — 7. Let E = Qluy, us, us, u4]
and G = Galg(E).

(a) Using the Galois Group Algorithm, compute the elements of G. Make
sure to prove that your irreducible polynomials are actually irreducible.

(b) Is G isomorphic to Zs, Zy X Za, Lo X Ly X Lo, Dy, or none of these?
(c) Compute f(1/7/8 i) for each f € G..

Solution: The roots of z* + 222 — 7 are +v/—1 + /8. We will set

ulz\/—1+\/§

Setting

Uy =1\/-1-V38

we have

Q[ula Uz, U3, U4] = Q[Ula UZ]

Claim: irr(U;,Q) = 2* + 222 — 7. To prove this, suppose z* + 222 — 7 =
a(z)b(x) where a(x),b(x) € Q[z]. Then x* + 222 — 7 = A(x)B(z) where
A(x), B(x) € Z[z] are monic polynomials. The only possible linear factors
are therefore 47, x+1, x — 1, and x — 7, but one can check that none of the
numbers in the set {—7,—1,1,7} are roots of z* +22* — 7. If A(z) and B(x)
are quadratic then we must have z* 4+ 22% — 7 = (2% + hx + €)(2? + kz — Te)
where |e| = 1. Expanding this,

gt 4222 — 7= 2" + (h + k)2* + (hk — 6€)2® + e(k — Th)z — 7.

1



Comparing coefficients of 22 and x, we must have h+k = 0 and k — 7h = 0.
This forces h = k = 0, which implies

a4+ 202 — T =2 — 6ex® — 7.

This is impossible because |e| = 1. So the claim is proved.

Claim: irr(Us, Q[U;]) = 2?+U?+4-2. It’s clear that U3 +U%+42 = 0. Moreover,
since Us is pure imaginary while U; is real, Uy & Q[U;], so Uy is not the root
of a monic linear polynomial in Q[U;][z].

Constructing the Galois Group: v; can be any root of z* + 222 — 7, hence
U1 € {U17 _U17 U27 _UQ}

Case 1: v; = Uy. This implies irr(Us, Q[U]) = 22 + U2 +2 = 22 + 1+ /38
and vy = +v/—1 — /8 = £+,
Case 2: v; = —U,. This implies irr(Us, Q[U]) = 22 + U2 +2 =22+ 1+ /8
and vy = +v/—1 — /8 = 1.
Case 3: v; = Uy. This implies irr(Us, Q[Uy]) = 22+ U2 +2 =22 +1—- /38
and vy = +v/—1 4+ 8 = +U.
Case 4: v; = —U,. This implies irr(Us, Q[Uy]) = 22+ U2 +2 =22 +1— /8

and vy = +v/—1 4+ /8 = +Uj;.

We have identified 8 Galois Group elements:

f1:a(Uy,Us) — a(Uy, Us)
fo: a(Ur,Us) — a(Uy, —Us)
fs:a(Uy,Us) — a(—=Uy, Uy)
fa 2 a(Uy,Us) — a(=Uy, —U,)
f5 2 a(Uy, Us) — a(Us, Uy)
fo : a(Uy,Us) — a(Us, —Uh)
fr 1 a(Uy,Us) — a(—Us, Uy)
fs 1 a(Uy, Us) — a(=Us, —Uy).



It is not difficult to check that fs o f5 = f3 and that f5 o fg = fo, hence G
is not abelian. Setting S = fs and T' = f5, one can check that o(S) = 4,
o(T) =2, and TS = S3T. Hence G = D,.

To compute f(4/7/8 i) for each f € G we must first express \/7/8 7 in terms

of Uy and Us. We have:
Uy = \/—1+\/§
UQZ \/1+\/§Z

UUy = VT i

U +1=8

UZ+1=—V8
UUs ‘
U +1 /81

Since each f € G is a field isomorphism,

(U U0
1B =1 (5751) = fmpt

This implies
U1 U,

AV i) = g7 = VIR
AR i) = et = =V
RS i) = gkt = =/
RS ) = g = VTR
R 1) = gt =~V
R ) = it = VTR
R ) = it = VTR
W) = gt =~V



